Quantitative probability from a logician’s
perspective: the law of large numbers

Mathematical Logic: Proof Theory, Constructive Mathematics
Oberwolfach
14 November 2023

Morenikeji Neri
Department of Computer Science
University of Bath, Bath, United Kingdom
kejineri.github.io



Overview of talk

® Preliminaries from logic and probability theory.



Overview of talk

® Preliminaries from logic and probability theory.

e What has been done in the quantitative study of the strong laws
of large numbers?



Overview of talk

® Preliminaries from logic and probability theory.

e What has been done in the quantitative study of the strong laws
of large numbers?

e What am I doing?



Overview of talk

Preliminaries from logic and probability theory.

What has been done in the quantitative study of the strong laws
of large numbers?

What am I doing?

Looking towards the future.



Preliminaries from logic and
probability theory



Preliminaries from logic

Let us recall the standard definition of Cauchy convergence on an
arbitrary metric space (X, d)

P:=VeeQ+aNeNYneNn>N = d(ay,ay) <¢)



Preliminaries from logic

Let us recall the standard definition of Cauchy convergence on an
arbitrary metric space (X, d)

P:=VeeQ+aNeNYneNmn>N = d(ay,ay) <¢)

A natural question to ask is, from a proof of P can one find a
computable function f : Q — N such that

Ve € QrVneN(n = f(e) = d(an,a5(c)) <€)



Preliminaries from logic

Let us recall the standard definition of Cauchy convergence on an
arbitrary metric space (X, d)

P:=VeeQ+aNeNYneNmn>N = d(ay,ay) <¢)

A natural question to ask is, from a proof of P can one find a
computable function f : Q — N such that

Ve € QrVneN(n = f(e) = d(an,a5(c)) <€)

Specker showed this was not always possible, through his famous
construction of a bounded monotone sequence of rational numbers
converging to a non-computable number [Spe49].
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Preliminaries from logic

One can show that Cauchy convergence is equivalent, over classical
logic, to

Ve € Q4 Vg : N = N3InVi,je [n,n+gn)|(d(a,a) <e¢)

This can be seen as an instance of Kreisel’s no counterexample
interpretation [Kre52; Kre51]and results in a new computational
challenge, that is, to find a functional (known as a rate of
metastability)

®:Qr x(N—-N)—=N

such that

Ve € Q1 Vg : N — Ndn < O(e,g)Vi,j € [n,n+ g(n)](d(a;,a) <€)
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Our main focus will be on quantitative results related to the
probabilistic convergence of sequences of random variables.

There are many notions for the convergence of sequences of random
variables. In this talk, we shall be concerned mostly be concerned
with a notion known as almost sure convergence.

Jointly with Thomas Powell, I am also investigating the
computational content of theorems concerned with other modes of
probabilistic convergence.
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If {Y,} is a sequence of random variables and Y is a random variable,
we say Y,, converges to Y almost surely (a.s) if

P{we Q: Y, (w) = Y(w)}) =1
It is not obvious how one would go about giving this definition a

meaningful computational interpretation.

However, by Egorov’s theorem, one can show that it is equivalent to
almost uniform (a.u) convergence

VAL A € QT AN € NP({w € Q: Vm > N|Vp(w)-Y(w)] < N}) > 1-),

The definition of a.u convergence can be given a direct computational
interpretation and is the usual interpretation of a.s convergence used
by probability theorists.



Preliminaries from probability theory: Almost sure
convergence

Furthermore, we can also obtain a metastable notion of almost
uniform convergence

YA € QF VK : N — N3N
P({w € Q: ¥m € [N, K(N)]|Vm(w) — Y(w)] < M}) >1— A,

This notion of probabilistic convergence (in its Cauchy form) was first
studied by Avigad et al. [ADR12; AGt10], with explicit rates being
extracted for the pointwise ergodic theorem and a computational
version of Egorov’s theorem.
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The strong law of large numbers

Suppose Xi, X,, ... are pairwise independent identically distributed
(iid) real-valued random variables with E(X;,) = 0 and E(|X,|) < oo
for all n. Define S, = >_" | X;. The strong law of large numbers states

that,

Sn

almost surely.
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What is the quantitative version of this theorem?

The phrase "Rates for the strong law of large numbers" has appeared
in many probability papers, where the notion of a rate means
different things to different authors.

There are many notions of a rate used by these authors that provide
further information about the speed of the convergence of the
sequences of random variables in question. We shall focus on two.
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Quantitative almost sure convergence to O
Let us recall the definition of

S
— — 0a.u
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S
V)\1,>\2€Q+3N€NP<V7’ZZN|;| S)\1> >1— )\

This is equivalent to

Sn

V)\I,AZ S Q+3N€ NP<sup| nn’ > )\1) S )\2

n>N
And this is equivalent to

Ve e QF P., =0

S
P, =P <sup|nn\ > 8)

m>n

where
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A direct approach

One can thus study the speed of convergence of these random
variables by studying the speed of convergence of the sequence of real
numbers P, ,, for each fixed e.

This can be approached directly. That is, once can try to find a
function f : Q7 x Q* — N such that,

VAL A € QT Yn > F(\, Ag) Pyn<XA

This has been done in [Luz18; Fil83; Sie75], for example, under further
assumptions added to the original statement of the strong law of
large numbers.



An example

Theorem (Luzia 2018)

Let {X,,} is a sequence of pairwise independent, identically distributed
random variableswith E(X;) = 0, Var(X;) = 0> < oo and
E(|X:]) =7 < oco. Forall  >1,0 < e <1landn > n(e, )

S 2
P =P (sup 2| > &) = 73 (¢ + Dalogn)*)

m>n

e, 5) = e {667 oo ((Z) ﬁ) }

Cg:=72+7206|8]!
Dg:=72+72(e —1)B|B]!

Where



An example

Observe that Luzias rate is independent of the distribution of the
random variables, however, the other mentioned rates ([Fil83; Sie75])
depend heavily on the distribution of the random variables, along
with much stronger assumptions.
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The "Baum-Katz" approach

The direct approach appears not to be that popular amongst
probability theorists, who prefer the approach motivated by the
following idea appearing in [BKé65].

Given a sequence {c, } of bounded, non-negative numbers converg-
ing to zero, one method of measuring the rate of convergence is to de-
termine which, if any, of the series > n"c, converge wherer > —1

There are many strong law of large numbers type results, (by which
we mean results about sequences of random variables concluding
that % — 0a.s.) [Korl7; CS16; Pet69] for example. In most cases
where probability theorists find rates for these results, this is the
approach taken [Kor18; Kuclé; Stol0] for example.



The Baum-Katz-Chow theorem

Theorem (c.f. [Cho73; BK65])
Let {X,,} be a sequence of iid random variables satisfying E(X;) = 0 and let
r > —1. The following are equivalent:
O E(]X1|""?) < o0
(i) Yoo P (|28y] > €) < o0
(i) Yoo, #'P (Suppsy |=Sm| > €) < 0o
(iv) > o2, WP (maxi<m<n |Sm| > ne) < 00

The above theorem is attributed to Baum, Katz and Chow. When
probability theorists find "rates" for strong law of large number type
results, it is usually demonstrated that one of the above sums
converges for their situation.



Ergodic theory

Theorem (Birkhoff’s pointwise ergodic theorem)

Let T be a measure-preserving map on the probability space. Define the
operator T, on all square-integrable functions, by Tf = f o T.

1
A=~ (f+ T+ +T7)
converges almost surely

In [AGt10], Avigad et al calculate a (Cauchy) rate of metastable almost
uniform convergence that depends on |[f|,.

Birkhoff’s Ergodic theorem can be used to prove the strong law of
large numbers when we assume the random variables are
independent. The rate in [AGt10] carries over to this result if we
assume further that the random variables have finite second
moment.
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How is quantitative probability theory being extended?

Alarge part of my most recent research has been to obtain rates for
strong law of large number type results through a direct approach.

Doing this involves realising the existential quantifier in the
definition of almost sure convergence in terms of computational
interpretations given to the hypothesis of these results. This is done
by an analysis of the proofs of these results.

Furthermore, as is the case with many proof mining results, one can
sometimes demonstrate certain theorems cannot be given
computable interpretations, through the construction of Specker-like
sequences. In these cases, one can usually obtain a metastable result.



Improving known rates

Recall that in [Luz18], it is shown that if {X,, } is a sequence of
pairwise independent, identically distributed random variables with
E(X;) = 0, Var(X;) = 0* < oo and E(|X;]) = 7 < oo then for all

B >1
B—1
P, =P (sup ]S—m] > 5) =0 (log(n) )
m n

m>n



Improving known rates
Recall that in [Luz18], it is shown that if {X,, } is a sequence of

pairwise independent, identically distributed random variables with
E(X;) = 0, Var(X;) = 0* < oo and E(|X;]) = 7 < oo then for all

B >1
B—1
P, =P (sup ]S—m] > 5) =0 (log(n) )
m>n m n

This result was obtained by essentially analysing the elementary
proof of the strong law of large numbers given by Etemadi in [Ete81].



Improving known rates

Recall that in [Luz18], it is shown that if {X,, } is a sequence of
pairwise independent, identically distributed random variables with
E(X;) = 0, Var(X;) = 0* < oo and E(|X;]) = 7 < oo then for all

B >1
B—1
P, =P (sup ]S—m] > 5) =0 (log(n) )
m>n m n

This result was obtained by essentially analysing the elementary
proof of the strong law of large numbers given by Etemadi in [Ete81].

However, in [Luz18] the author’s analysis deviated significantly from
Etemadi’s proof and an analysis that closer follows this proof results

in,
1
Pn,e =0 <>
n
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Improving known rates

One can demonstrate that this bound is optimal, in a sense.

For every § > O, we can obtain a sequence of pairwise iid random
variables with mean 0, finite first moment and finite variance, such
that,
1 w
P <Sup ‘%SWJ > E) > W

m>n
for somew > 0.

Our construction, however, does not rule out the possibility that

P (Suppy>y |=Sm| >¢€) =0 (W), for example.
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Let us recall the Baum-Katz-Chow theorem.

Theorem (c.f. [Cho73; BK65])
Let {X,,} be a sequence of iid random variables satisfying E(X;) = 0 and let
r > —1. The following are equivalent:
M E(X|™?) <
(i) Yoo P (]384 > €) < o0
(i) Yopo; n'P (Supysy |=Sm| > €) < oo

(iv) > 2, WP (maxi<m<n |Sm| > ne) < 00

It is easy to see how (iv) and (iii) imply (ii), in particular, the
implications hold without the assumption of independence.
However, all other implications for the sums are not so
straightforward and require independence in a crucial way.
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The most general analogy of the Baum-Katz-Chow theorem for
pairwise iid random variables is

Theorem (Bai-Chen-Sung, cf. Theorem 2.1 of [BCS14])

Suppose {X,, } are pairwise iid random variables with, E(X;) = 0. Forall
—1<r <O, E(|X*"") < coiffforalle > 0

o0
Zn’IP’ (max |Sm| > ne) < 0o
1<m<n

n=1

Observe, that there is no result for random variables with finite
variance.
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A new Baum-Katz type result for pairwise independent
random variables

A simple corollary of our improved bound is,

Theorem

Suppose {X,, } are pairwise independent, identically distributed random
variables with, E(X;) = 0 and Var(X;) < oc. Then, foralle > O and
r<o

o0
g n'P,e < 00
n=1

This result appears to be new and extends the work in [BCS14].
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What results have been analysed?

Theorem (Chung’s law of large numbers c.f [Chu47])

Suppose {X,, } is a sequence of independent real-valued random variables with
E(X,) = Oforalln € N. Let ¢ : RT™ — R be a non-decreasing function

such that @ and #Zt) are non-decreasing on the positive half-line. If

— E(¢(1Xx]))
2 =g <
then
2 5 0as

Direct rates (of convergence and metastability) for the generalisation
of this result to random variables taking values in, what are known
as, type-p Banach spaces, given in [Woy74] have been calculated.
Furthermore, these rates are independent of the distribution of the
random variables.
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Theorem (cf. Theorem 2.1 of [CS16])

Suppose {X,, } is a sequence of non-negative random variables. Let
2, = E(Sy). Suppose z, = O(1) and that there exists a sequence of
non-negative real numbers {~, } satisfying,
L/ E(‘Sn - Zn’p) < EZ:I Tk
® Yt <o
then

Sy
— —0a.s
n

Again, one can calculate distribution-independent rates for this
theorem. Furthermore, this theorem generalises many other strong
law of large number type results ([Jab13; NABO4; KB99; Bir88] for
example), so the calculated rates carry over to these.
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Looking towards the future

Along with mining proofs in probability theory, efforts are currently
being made to formalise (aspects of) the theory in arithmetic in all
finite types in order to explain the extraction of rates in some of these
results, through metatheorems in the style of [Pis23; GK08; KohO5].

Furthermore, having such a system will not only be interesting from
alogical perspective, but I believe it (along with other proof mining
ideas) will allow us to further the understanding of certain
phenomena in quantitative probability theory, which I shall now
introduce in the form of questions.
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Do distribution-independent rates exist for the original
strong law of large numbers?

For a sequence of pairwise iid random variables {X, } with expected
values O, the strong law of large numbers states that

Sy

— —0a.s

n
If we assume that E(|X;|) < oc.
By [Luz18] and my improved result we observe that we obtain
distribution-independent rates for this result if we assume
E(|X;/*) < co. Furthermore, my rates for [Chu47] demonstrate that
we get distribution-independent rates for E(|X;|'*°) < oo for all
0< <L

However, it does not appear that one can obtain
distribution-independent rates, if we assume that E(|X;|) < co. So
one could ask if it is possible or if there is a Specker-like sequence
demonstrating its impossibility.
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Do rates exist in the central limit theorem?

The central limit theorem states,

Theorem (The central limit theorem)
Let { X, } be iid random variables satisfying E(X;) = 0, Var(X;) < oo. Let

Z?:I Xi
Z?:I Uiz

, Fy, be the cumulative distribution function of S, and ® the cumulative
distribution function of the standard normal distribution. Then forallx € R

Sy =

Fy(x) — ®(x)
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Do rates exist in the central limit theorem?
Although the theorem is true for random variables with with finite
second moment, distribution-independent rates have been
calculated if we assume finite third moment. The first of these
theorems is attributed to Berry and Esseen,

Theorem (Berry [Ber41] and Esseen [Ess42])

Let {X,,} be iid random variables satisfying
E(X;) = 0,Var(X;) = 0> > 0,E(|X1’) = p < oc. Let
Z?:I Xi
> 07
F,, be the cumulative distribution function of S, and ® the cumulative

distribution function of the standard novmal distribution. There exists C > O
such that, foralln € Nandx € R,

Sp =

[Fa(x) — @(x)| <

V/no?
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Do rates exist in the central limit theorem?

As with the strong law of large numbers, it was also shown that
distribution-independent rates exist if we assume E(|X;|?19) for all
0 < § <1, [Kat63].

So a similar question can be asked. Do distribution-independent
rates exist if we only assume E(|X;|*) < oo or can we show that no
such rates exist?

Probability theorists have thought about this.
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Do rates exist in the central limit theorem?

In [Ber41], Berry states,
The author originally developed the early sections of this paper for
the case of bounded variates, and is indebted to W. Feller who urged
the study, in these sections, of the case of finite third order absolute
moment

Furthermore, probability theorists believe that no such rates exist. In
the popular graduate probability textbook [Gut13] the author states,

The ultimate goal would be to move down to nothing more than sec-
ond moments, but this is not feasible, since finite variances only yield
existence of the limit. More has to be assumed in order to obtain a
rate result.



Can we explain the previous two phenomena?

We have seen two theorems about sequences of random variables
that are true if we assume the random variables have finite
pth-moment (say). From the proofs of these theorems, it does not
appear to be possible to obtain distribution-independent rates,
however, assuming finite (p + 0)th moments does allow us to do so.



Can we explain the previous two phenomena?

We have seen two theorems about sequences of random variables
that are true if we assume the random variables have finite
pth-moment (say). From the proofs of these theorems, it does not
appear to be possible to obtain distribution-independent rates,
however, assuming finite (p + 0)th moments does allow us to do so.

Could explain this proof theoretically? Can we show that formalising
the proofs of these results in a certain logical system guarantees the
existence of distribution-independent rates after we upgrade the
moment condition?



Thank you!
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