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Abstract. It is well known that the sample means in the Strong Law of Large Numbers
can converge arbitrarily slowly. The convergence of ergodic averages also suffers from such
ineffectiveness, and in this situation a prominent way to study the quantitative nature of the
convergence of such processes is through looking at the stochastic fluctuations or oscillations.
As the Pointwise Ergodic Theorem generalises the Strong Law of Large Numbers when the
random variables are independent identically distributed, the quantitative oscillatory results
from ergodic theory carry over naturally to this setting.

We initiate the investigation of the oscillatory behaviour of the averages in the Strong Law
of Large Numbers in the case where the random variables carry dependencies. In this paper, we
consider the case where the random variables are pairwise independent and construct learnable
rates of uniform convergence. This notion, introduced by the author and Powell (c.f. Trans.
Amer. Math. Soc. Series B, 12:974–1019, 2025), strengthens Tao’s notion of metastability and
provides a quantitative bound on how far one must look to locate a region of local stability
(that is, a region with no oscillations) with high probability.
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1. Introduction

Fix a dynamical system pΩ,F ,P, τq, where pΩ,F ,Pq is a probability space and τ : Ω Ñ Ω
is a measurable, invertible, measure-preserving transformation. For f P L1 :“ L1pΩ,F ,Pq, the
Birkhoff Pointwise Ergodic Theorem implies that the ergodic averages

Anfpωq :“
1

n

n
ÿ

i“1

fpτ iωq

converge almost surely.
Because the averages in the Pointwise Ergodic Theorem can converge arbitrarily slowly, a

prominent strategy for studying the quantitative behaviour of the theorem, and more generally
the almost sure convergence of related ergodic averages, is to analyse the oscillatory behaviour
of these processes.

For a sequence of real numbers txnu, we define JN,εtxnu to be the number of ε-fluctuations
occurring in the initial segment tx0, . . . , xN´1u. That is, JN,εtxnu is the maximal k P N such
that there exist indices

i1 ă j1 ď i2 ă j2 ď ¨ ¨ ¨ ď ik ă jk ă N with |xiℓ ´ xjℓ | ą ε

for all ℓ “ 1, . . . , k.
Finally, we define the total number of ε-fluctuations in the sequence txnu by

Jεtxnu :“ lim
NÑ8

JN,εtxnu,

which may be infinite.
1
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It is clear that the convergence of a sequence of real numbers txnu is equivalent to it having
finitely many fluctuations, that is, for all ε ą 0

Jεtxnu ă 8.

Furthermore, we have the analogous situation in the stochastic setting where a sequence of
random variables tXnu converging almost surely is equivalent to

lim
kÑ8

P pJεtXnu ě kq “ 0

for all ε ą 0, with a function e : p0, 1s ˆ p0, 1s Ñ R` satisfying

P pJεtXnu ě epλ, εqq ď λ

for all λ, ε P p0, 1s known as a modulus of finite fluctuations (c.f. Definition 4.5 of [22]).
In [9], Jones, Kaufman, Rosenblatt and Wierdl obtain the following quantitative strengthen-

ing of the Pointwise Ergodic Theorem:

Theorem 1.1 (c.f. Theorem 5.1 of [9]). There exists a constant C such that, for any f P L1

and all k, ε ą 0,

P pJεtAnfu ě kq ď
C∥f∥1
ε
?
k
.

It is clear that epλ, εq “ pC∥f∥1{ελq2 is a modulus of finite fluctuations for tAnfu in Theorem
1.1.

Remark 1.2. Theorem 1.1 was originally conjectured by Ivanov [11], who, by entirely different
methods, was only able to show that

P pJεtAnfu ě kq ď C

c

log k

k
,

where C is a constant depending only on ∥f∥1{ε. In Example 5.4 of [22], it is shown that
a slightly stronger bound than the one obtained by Ivanov (though still weaker than that in
Theorem 1.1) follows from a general result stated as Theorem 5.1 in the same reference.

A classic application of the Pointwise Ergodic Theorem is the Strong Law of Large Numbers,
which states that for a sequence of independent identically distributed (iid) random variables
tXnu with EpX1q “ 0 and Ep|X1|q ă 8, we have

1

n

n
ÿ

k“1

Xk Ñ 0 almost surely.

In particular, it is well known that one can construct a dynamical system together with an
integrable function f such that the almost sure convergence of the ergodic averages of f is
equivalent to the almost sure convergence of the sample means of the corresponding stochastic
process. This construction also shows directly that Theorem 1.1 (and other oscillation results
concerning the Pointwise Ergodic Theorem) applies to the averages in the Strong Law of Large
Numbers.

Despite this connection, ergodic theory, or more precisely the study of almost everywhere
convergence of ergodic averages, does not fully subsume the study of almost sure convergence
of sample means for general stochastic processes, particularly when they carry dependencies.
Different techniques are typically required to address the latter. It is therefore natural to ask
whether one can also investigate the oscillatory behaviour of the sample means in such settings.

We finish here by noting that studying the oscillations of classes of stochastic processes
with ineffective convergence speeds is common outside ergodic theory. For example, Doob’s
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well-known upcrossing inequality [6] for L1 sub- and supermartingales, along with other related
results on the oscillations of martingales, for example [9, 10, 11, 21, 22]. In addition, we highlight
the work of Hochman [8], who obtained upcrossing inequalities for processes associated with
information theory using arguments similar to those for ergodic averages in [12].

1.1. Main results. In this paper we focus on the oscillations of the sample means of pairwise
iid random variables in the Strong Law of Large Numbers.

Here and throughout the rest of the article, for a, b P N, we write ra; bs :“ ra, bs X N. Our
main result is the following:

Theorem 1.3. Let tXnu be a sequence of pairwise independent and identically distributed
random variables with EpXnq “ 0 and Ep|Xn|q “: µ. Define Sn :“

řn
k“1Xk and An :“ Sn{n.

For every ε, λ P p0, 1s, R ą 1, and all sequences of natural numbers a0 ă b0 ď a1 ă b1 ď . . .
satisfying bn{an ą R, we have

P
ˆ

@m ď
κρ4

ε5λ2
Di, j P ram; bms p

ˇ

ˇAi ´ Aj
ˇ

ˇ ą εq

˙

ď λ,

where κ ą 0 is a constant and

ρ :“ max

"

1,
1

3pR ´ 1q
,
µ

2

*

.

We can give the very crude bound κ ă 1011.

Remark 1.4. A function e : p0, 1s ˆ p0, 1s Ñ R` is said to be a learnable rate of pointwise
convergence (c.f. Definition 4.15 of [22]) for a sequence of random variables tXnu if for all
ε, λ P p0, 1s and a0 ă b0 ď a1 ă b1 ď . . .,

P p@i ď epλ, εq Dk, l P rai; bis p|Xk ´ Xl| ą εqq ď λ.

One can easily verify that moduli of finite fluctuations are themselves learnable rates of point-
wise convergence (see, for example, Theorem 4.16 of [22]), and so Theorem 1.1 implies that
epλ, εq “ pC}f}1{pελqq2 is a learnable rate of pointwise convergence for tAnfu. In particular,
this yields such a rate in the case where the random variables are iid, or more generally when
they form a stationary sequence.

One can interpret Theorem 1.3 as a learnable rate of pointwise convergence for lacunary
sequences (see Section 5 for a discussion of how similar lacunary conditions have arisen in
ergodic theory) and we also note that the bound in Theorem 1.3 is asymptotically as good in
the variable λ as the bound obtained from Theorem 1.1, a bound which is shown to be optimal
in Theorem 3.9 of [10].

In fact, we prove a stronger result than Theorem 1.3:

Theorem 1.5. Let tXnu be as Theorem 1.5. For every ε, λ P p0, 1s, R ą 1, and all sequences
of natural numbers a0 ă b0 ď a1 ă b1 ď . . . satisfying bn{an ą R, there exists

m ď
κρ4

ε5λ2

satisfying
P pDi, j P ram; bms p|Ai ´ Aj| ą εqq ď λ,

where κ ą 0 is a constant and

ρ :“ max

"

1,
1

3pR ´ 1q
,
µ

2

*

.
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Remark 1.6. This strengthening is related to the notion of a learnable rate of uniform conver-
gence (c.f. [21, 22]), which is a function e : p0, 1s ˆ p0, 1s Ñ R` satisfying that for all ε, λ P p0, 1s

and a0 ă b0 ď a1 ă b1 ď . . ., there exists i ď epλ, εq such that

P pDk, l P rai; bis p|Xk ´ Xl| ą εqq ď λ.

A learnable rate of uniform convergence provides a bound on how far one must look, when
given a selection of intervals, in order to locate one that contains no oscillations, with high
probability. Moreover, this bound is independent of the particular selection of intervals. If
the bound is allowed to depend on the selection of intervals, then one arrives at a notion that
is computationally equivalent to the so-called rates of (uniform) metastability in the sense of
Tao [27, 28] (see Remark 2.10). We also note that, as in the case of Theorem 1.3, we obtain a
learnable rate of uniform convergence, in Theorem 1.5, for lacunary sequences. We make this
notion precise in Definition 2.4.

1.2. An outline of the proof of Theorem 1.5. To prove Theorem 1.5, we set

Yn :“ XnItXn ď nu ´ EpXnItXn ď nuq, zn :“
n

ÿ

k“1

EpXkItXk ď kuq.

Then we have the following decomposition of An into three terms:

(1) An “
1

n

n
ÿ

k“1

Yk `
zn
n

`
1

n

n
ÿ

k“1

XkIt|Xk| ą ku.

Our result will follow by analysing the oscillations of the terms in this decomposition and
applying results on the oscillations of sums of sequences of random variables, which we present
in Section 2.

For the first term in the decomposition, we prove a quantitative version of Kolmogorov’s
Strong Law of Large Numbers for pairwise independent random variables, as given in [5]. More
precisely, in Section 3 we show that if tQnu is a sequence of pairwise independent random
variables satisfying EpQnq{n ď W for all n P Z`, EpQnq “ 0, and

8
ÿ

k“1

VarpQkq

k2
ď V

for some V ą 1 andW ą 0, then for every ε, λ P p0, 1s, R ě 1, and sequence of natural numbers
a0 ă b0 ď a1 ă b1 ď . . . with bn{an ą R, we have

(2) Dm ď
cV ρ3

ε5λ
P

˜

Di, j P ram; bms

˜ˇ

ˇ

ˇ

ˇ

ˇ

1

i

i
ÿ

k“1

Qk ´
1

j

j
ÿ

k“1

Qk

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε

¸¸

ď λ,

for a constant c (for which we provide a crude bound) and ρ that depends on R and W . This
result applies directly to tYnu, noting that from standard calculations (see Lemma 2.4.3 of [7],
for example) we have

8
ÿ

k“1

VarpYkq

k2
ď 4µ.

The proof of (2) requires extending notions of fluctuations to arbitrary logical formulas, in a
manner similar to [19, 22], and it also requires an analysis of how these notions behave with
respect to disjunctions (see Lemma 2.11).
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The oscillations of the last two terms in the decomposition (1) are not well behaved in general.
However, if we assume that Xn is nonnegative, then tEpXnItXn ď nuqu is a monotone sequence
of real numbers. Hence, for all n P N,

EpXn`1ItXn`1 ď n ` 1uq ě
zn
n
,

and therefore,

zn`1

n
“
zn
n

`
1

n ` 1

´

EpXn`1ItXn`1 ď n ` 1uq ´
zn
n

¯

ď
zn
n
.

Thus, tzn{nu is a monotone sequence of nonnegative real numbers bounded by µ, and we shall
see in Section 2 that such sequences have well-behaved oscillatory properties.

The last term in (1) also behaves nicely if we assume Xn is nonnegative. A key observation
is that we can establish an appropriate version of Theorem 1.5 separately for the positive and
negative parts of Xn, and then use the decomposition Xn “ X`

n ´X´
n together with results on

the oscillations of sums of random variables.
The complete proof of Theorem 1.5 will be presented in Section 4.

1.3. The proof mining program. This work can be viewed as a contribution to the proof
mining program of Kohlenbach [13]. Proof mining is a subfield of mathematical logic that ap-
plies tools from proof theory to extract computational content from seemingly non-constructive
mathematical proofs.

Approaching probability theory from the perspective of proof mining has led to an abstract
framework for probability that is amenable to the extraction of quantitative information. For
instance, the idea of studying the oscillatory behaviour of abstract logical formulas, introduced
in Section 2.2, was already pursued in [19] and [22], with the latter using such abstract consider-
ations to obtain a quantitative version of the Martingale Convergence Theorem. Furthermore,
in [18], a formal logical system providing an abstract treatment of probability theory is de-
veloped, together with a corresponding metatheorem that guarantees the extraction of highly
uniform quantitative information from proofs.

This abstract approach to quantitative probability theory has given rise to a growing body
of case studies, including further results on the Strong Law of Large Numbers by the author
[15, 17], where we studied the quantitative nature of the convergence of the sample means in
the Strong Law of Large Numbers when the random variables carried dependencies, under the
assumption that high moments exist. In addition, work has been carried out on the asymptotic
behaviour of more general stochastic processes [16, 19, 22], on stochastic optimization [20, 21,
24], and other classical results in probability theory connected with the Borel–Cantelli lemmas
and zero–one laws [1, 25].

2. Preliminary definitions and lemmas

2.1. Deterministic convergence. We call a function b : p0, 1s Ñ R` a bound on the number
of fluctuations of txnu if, for every ε P p0, 1s, we have

Jεtxnu ď bpεq.

An equivalent formulation, which is more convenient for our purposes, is that of a learnable
rate of uniform convergence [19, 21, 22].

Definition 2.1. Let txnu be a sequence of real numbers. A function ϕ : p0, 1s Ñ R` is called
an R-learnable rate of convergence for txnu if

Dn ď ϕpεq @i, j P ran; bns p|xi ´ xj| ď εq
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for any ε P p0, 1s and any sequence of natural numbers a0 ă b0 ď a1 ă b1 ď . . . satisfying
bn{an ą R.

A 1-learnable rate of convergence is simply called a learnable rate of convergence.

It is clear that ϕ is a learnable rate of convergence if and only if it is a bound on the number of
fluctuations. We shall also need the known fluctuation bounds for bounded monotone sequences.

Lemma 2.2. Suppose txnu is a monotone sequence of nonnegative real numbers such that there
exists C ą 0 with xn ď C for all n. Then the function ϕ : p0, 1s Ñ R` defined by

ϕpεq :“
C

ε

is a learnable rate of convergence (or equivalently, a bound on the number of fluctuations) for
txnu.

Proof. Let ε ą 0 be given, and suppose there exists k P N satisfying

i1 ă j1 ď i2 ă j2 ď . . . ď ik ă jk with |xil ´ xjl | ą ε.

Since xn ď C, we must have C ě xjk ą kε, which implies k ď C{ε, as claimed. □

It will be convenient to apply the previous lemma to bounded sums of nonnegative real
numbers.

Lemma 2.3. Let txnu be a sequence of nonnegative real numbers and let C ą 0 satisfy

8
ÿ

k“0

xk ď C.

Then, for any ε P p0, 1s and any sequence of natural numbers a0 ă b0 ď a1 ă b1 ď . . ., there
exists n ď 1 ` 2C{ε such that

bn
ÿ

k“an

xk ď ε.

Proof. Let a0 ă b0 ď a1 ă b1 ď . . . and ε P p0, 1s be given. Since the partial sums

n
ÿ

k“0

xk

form a monotone bounded sequence of nonnegative numbers, by considering the subsequence

a1 ´ 1 ă b1 ď a3 ´ 1 ă b3 ď a5 ´ 1 ă b5 ď . . .

and applying Lemma 2.2, there exists m ď C{ε such that for all i, j P ra2m`1 ´ 1; b2m`1s,
ˇ

ˇ

ˇ

ˇ

ˇ

i
ÿ

k“0

xk ´

j
ÿ

k“0

xk

ˇ

ˇ

ˇ

ˇ

ˇ

ď ε.

In particular,
b2m`1
ÿ

k“a2m`1

xk ď ε,

so taking n :“ 2m ` 1 ď 2C{ε ` 1 yields the desired result. □
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2.2. Stochastic convergence. We now introduce the notion of an R-learnable rate of uniform
convergence, which will serve as the central tool in our analysis of the oscillatory behaviour
associated with the Strong Law of Large Numbers for pairwise iid random variables.

Definition 2.4. Let tXnu be a sequence of random variables, R ě 1, and let X be a random
variable. A function ϕ : p0, 1s Ñ R` is called an R-learnable rate of uniform convergence for
tXnu if, for any ε, λ P p0, 1s and any sequence of natural numbers a0 ă b0 ď a1 ă b1 ď . . . with
bn{an ą R for all n P N,

Dn ď ϕpλ, εqP pDi, j P ran; bns p|Xi ´ Xj| ą εqq ď λ.

We say ϕ is an R-learnable rate of uniform convergence to X for tXnu if

Dn ď ϕpλ, εqP pDi P ran; bns p|Xi ´ X| ą εqq ď λ.

A 1-learnable rate of uniform convergence (to X) is simply called a learnable rate of uniform
convergence (to X), corresponding to the notion introduced in [21, 22].

Remark 2.5. Learnable rates of uniform convergence generalise learnable rates of convergence
for sequences of real numbers. More precisely, suppose tXnu is a sequence of real numbers with
an R-learnable rate of convergence ψ. Then tXnu, treated as a sequence of constant random
variables, has an R-learnable rate of uniform convergence given by

ϕpλ, εq :“ ψpεq.

Lemma 2.6. Let tXnu be a sequence of random variables, R ě 1, and X a random variable.
If ϕ is an R-learnable rate of uniform convergence to X for tXnu, then

ψpλ, εq :“ ϕpλ, ε{2q

is an R-learnable rate of uniform convergence for tXnu.

Proof. Let ε, λ P p0, 1s and a0 ă b0 ď a1 ă b1 ď . . . with bn{an ą R be given. By assumption,
there exists n ď ϕpλ, ε{2q such that

P pDi P ran; bns p|Xi ´ X| ą ε{2qq ď λ.

By the triangle inequality, if

Di, j P ran; bns p|Xi ´ Xj| ą εq,

then
Di P ran; bns p|Xi ´ X| ą ε{2q,

and the result follows. □

We extend the notion of learnable rates of uniform convergence to arbitrary logical formulas.
We also prove elementary results, which will be important for our later arguments, concerning
the behaviour of such rates with respect to disjunctions. Similar results in this direction were
important in [19, 21, 22].

Definition 2.7 (Measurable formula, c.f. [22]). A logical formula φpω, x1, . . . , xnq, with pa-
rameters x1, . . . , xn and ω P Ω, is measurable if for all parameters x1, . . . , xn,

tω P Ω : φpω, x1, . . . , xnqu P F .
For such a formula, we write φpx1, . . . , xnq :“ tω P Ω : φpω, x1, . . . , xnqu.

If φpω, nq is measurable with n P N, we define

Dnφpnq :“
ď

nPN

φpnq, @nφpnq :“
č

nPN

φpnq.
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Definition 2.8. Let Apω, xq be a measurable formula with parameters x “ px1, . . . , xnq taking
natural numbers and R ě 1. A function ϕ : p0, 1s Ñ R` is called an R-learnable uniform rate
for A if, for any λ P p0, 1s and sequence of natural numbers a0 ă b0 ď a1 ă b1 ď . . . with
bn{an ą R,

Dn ď ϕpλqP
`

Dx1, . . . , xn P ran; bnsApxq
˘

ď λ.

Remark 2.9. Let tXnu be a sequence of random variables. A function ϕ is an R-learnable rate
of uniform convergence for tXnu if and only if, for each ε P p0, 1s, the function ϕεpλq :“ ϕpλ, εq
is an R-learnable uniform rate for the formula

Aεpω, i, jq :” |Xipωq ´ Xjpωq| ą ε.

Remark 2.10. R-learnable uniform rates are special instance of dependent learnable uniform
rates [19] which are functions ϕ : p0, 1s ˆ NN ˆ NN Ñ R` that satisfy, for any λ P p0, 1s and
sequence of natural numbers a :“ tanu and b :“ tbnu with a0 ă b0 ď a1 ă b1 ď . . . and
bn{an ą R,

Dn ď ϕpλ, a, bqP
`

Dx1, . . . , xn P ran; bnsApxq
˘

ď λ.

In the case of R-learnable uniform rates, the dependence on the sequences a, b is only through
a subsequence which grows hyper-geometrically with some fixed rate.

It is shown in [19] that dependent learnable uniform rates are computationally equivalent to
so-called rates of uniform metastability (formulated for arbitrary measurable formulas), with
explicit computations demonstrating how to convert between the two notions. We do not
spell out the definition of metastability here, since we will not need it, but we note that this
notion provides a natural quantitative interpretation of the convergence of deterministic and
stochastic sequences, and it has found applications in many areas of mathematics, from ergodic
theory to stochastic optimization. For further discussions of metastability we refer the reader
to [2, 3, 22, 26, 27, 28].

Lemma 2.11. Let A1pω, y
p1qq, . . . , ALpω, ypLqq be measurable formulas with respective tuples

of parameters yp1q, . . . , ypLq and R-learnable uniform rates ϕ1, . . . , ϕL, for some R ě 1. Then
ŽL

i“1Ai has an R-learnable uniform rate given by

ϕpλq :“
L

ÿ

i“1

ϕipλ{Lq.

Proof. The proof is by induction on L. The case L “ 1 is trivial. Suppose the lemma holds for
L, and consider L ` 1 formulas A1, . . . , AL`1. Define

ψpλq :“
L

ÿ

i“1

ϕipλ{Lq, ϕpλq :“ ψ

ˆ

λL

L ` 1

˙

` ϕL`1

ˆ

λ

L ` 1

˙

.

Assume for contradiction that for all n ď ϕpλq,

P

˜

Dyp1q, . . . , ypL`1q
P ran; bns

L`1
ď

i“1

Aipy
piq

q

¸

ě λ.

We have, by sub-additivity of P,

P

˜

Dyp1q, . . . , ypL`1q
P ran; bns

L`1
ď

i“1

Aipy
piq

q

¸

ďP
´

Dyp1q, . . . , ypLq
P ran; bns

L
ď

i“1

Aipy
piq

q

¯

` P
`

DypL`1q
P ran; bnsAL`1py

pL`1q
q
˘

.
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Hence, either

P

˜

Dyp1q, . . . , ypLq
P ran; bns

L
ď

i“1

Aipy
piq

q

¸

ě
λL

L ` 1

or

P
`

DypL`1q
P ran; bnsAL`1py

pL`1q
q
˘

ě
λ

L ` 1
,

for all n ď ϕpλq. But then it follows that either there exists a subsequence an0 ă bn0 ď an1 ă

bn1 ď . . . such that

@k ď ψ

ˆ

λL

L ` 1

˙

P

˜

Dyp1q, . . . , ypLq
P rank

; bnk
s

˜

L
ď

i“1

Aipy
piq

q

¸¸

ě
λL

L ` 1

or a subsequence am0 ă bm0 ď am1 ă bm1 ď . . . such that

@k ď ϕL`1

ˆ

λ

L ` 1

˙

P
`

DypL`1q
P ramk

; bmk
sAL`1

`

ypL`1q
˘˘

ě
λ

L ` 1
.

The first case contradicts the induction hypothesis and the second the defining property of
ϕL`1. Therefore, ϕ is a R-learnable uniform rate. □

The previous lemma immediately allows us to calculate R-learnable rates of uniform conver-
gence for the sums of random variables.

Lemma 2.12. Suppose tX
p1q
n u, . . . , tX

pLq
n u are sequences of random variables with respective

R-learnable rates of uniform convergence (to Xp1q, . . . , XpLq) ϕ1, . . . , ϕL, for R ě 1. Then

t
řL
m“1X

pmq
n u has an R-learnable rate of uniform convergence (to

řL
m“1X

pmq) given by

ϕpλ, εq :“
L

ÿ

i“1

ϕipλ{L, ε{Lq.

Proof. We only prove the Cauchy case; the other case can be proven similarly.
Fix ε P p0, 1s and define

Aεpω, i, jq :“

ˇ

ˇ

ˇ

ˇ

ˇ

L
ÿ

m“1

X
pmq

i ´

L
ÿ

m“1

X
pmq

j

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε, Amε pω, i, jq :“ |X
pmq

i ´ X
pmq

j | ą ε{L.

Since each Amε has an R-learnable uniform rate ϕipλ, ε{Lq, Lemma 2.11 implies

ϕpλ, εq :“
L

ÿ

i“1

ϕipλ{L, ε{Lq

is an R-learnable uniform rate for
ŽL

m“1A
m
ε . By the triangle inequality,

Aε ùñ

L
ł

m“1

Amε

and so ϕ is an R-learnable uniform rate for Aε, which proves the result. □
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3. A Quantitative Kolmogorov’s Strong Law for Pairwise Independent
Random Variables

In this section, we establish a quantitative version of Kolmogorov’s Strong Law of Large
Numbers for pairwise independent random variables, following [5]. The quantitative rates
derived here will be used to prove our main result, Theorem 1.5, but are also of independent
interest.

Throughout this section, let tXnu be a sequence of pairwise independent random variables,
and define

Sn :“
n

ÿ

k“1

Xk, An :“
Sn
n
.

Set

µn :“ Ep|Xn|q, zn :“
n

ÿ

k“1

µk.

Assume that there exists a constant W ě 0 such that, for all n P N,
zn
n

ď W.

We adopt the notation from [17], which is based on [5]:

‚ For each δ ą 0, let

Lδ :“

Z

W

δ

^

.

‚ For δ ą 0, α ą 1, m P N, and 0 ď s ď Lδ, define

Cα,s,δ,m :“
!

n P N | αm ď n ă αm`1,
zn
n

P rsδ, ps ` 1qδq
)

.

‚ If Cα,s,δ,m is nonempty, let

k´
s pmq :“ minCα,s,δ,m, k`

s pmq :“ maxCα,s,δ,m.

‚ If Cα,s,δ,m is empty, set

k´
s pmq “ k`

s pmq :“ tαmu .

As in [5, 17], the dependence of k˘
s pmq on δ and α is suppressed in the notation.

We first consider the case when tXnu are nonnegative.

Theorem 3.1. Suppose tXnu is a sequence of nonnegative, pairwise independent random vari-
ables satisfying

8
ÿ

k“1

VarpXkq

k2
ď V

for some V ą 1. Then, for any R ą 1, the sequence tAn ´ zn{nu has an R-learnable rate of
uniform convergence to 0 given by

epλ, εq :“
κ1V ρ

3

ε5λ
,

where κ1 ď 6000 is a universal constant, and

ρ :“ max

"

1,
1

3pR ´ 1q
,W

*

.
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Proof. From the proof of Theorem 1 in [5], we have for all δ ą 0, α ą 1, and 0 ď s ď Lδ:

8
ÿ

n“0

E

¨

˚

˝

´

Sk˘
s pnq ´ zk˘

s pnq

¯2

pk˘
s pnqq2

˛

‹

‚

ď
α2

α2 ´ 1

8
ÿ

k“1

VarpXkq

k2
ď

α2

α2 ´ 1
V.

Applying Chebyshev’s inequality gives, for all ε ą 0:

(3)
8
ÿ

n“0

P
ˆ

ˇ

ˇ

ˇ

ˇ

Sk˘
s pnq

k˘
s pnq

´
zk˘

s pnq

k˘
s pnq

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď
α2V

ε2pα2 ´ 1q
.

By Lemma 2.3, for any sequence a0 ă b0 ď a1 ă b1 ď . . . and λ P p0, 1s, there exists

m˘
ď

2α2V

ε2λpα2 ´ 1q
` 1

such that
bm˘
ÿ

n“am˘

P
ˆˇ

ˇ

ˇ

ˇ

Sk˘
s pnq

k˘
s pnq

´
zk˘

s pnq

k˘
s pnq

ˇ

ˇ

ˇ

ˇ

ą ε

˙

ď λ.

Consequently,

P
ˆ

Dn P ram˘ , bm˘s

ˆ
ˇ

ˇ

ˇ

ˇ

Sk˘
s pnq

k˘
s pnq

´
zk˘

s pnq

k˘
s pnq

ˇ

ˇ

ˇ

ˇ

ą ε

˙˙

ď λ.

Define measurable formulas

A`
ε,spω, nq :“

ˇ

ˇ

ˇ

ˇ

ˇ

Sk`
s pnqpωq

k`
s pnq

´
zk`

s pnq

k`
s pnq

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε, A´
ε,spω, nq :“

ˇ

ˇ

ˇ

ˇ

ˇ

Sk´
s pnqpωq

k´
s pnq

´
zk´

s pnq

k´
s pnq

ˇ

ˇ

ˇ

ˇ

ˇ

ą ε.

Applying Lemma 2.11 gives

m ď
4α2V

ε2λpα2 ´ 1q
` 2 “: ϕαpλ, εq

such that

P
´

Dn P ram, bms
`

A`
ε,spnq Y A´

ε,spnq
˘

¯

ď λ.

Now, let ε, λ P p0, 1s and a0 ă b0 ď a1 ă b1 ď . . . with bn{an ą R be given. Set δ :“ ε{3 and
α :“ 1 ` ε{p3ρq, so that

(4) pα ´ 1qρ “ ε{3, ´ε{3 ď ´p1 ´ 1{αqρ.

Define Lpnq :“ tlogα nu. Since bn{an ą R ě 1 ` 1{p3ρq ě α, we have Lpbnq ą Lpanq and
hence Lpa0q ă Lpb0q ď Lpa1q ă Lpb1q ď . . . .

Now, from our previous discussion, for each s P r0, Lδs the formula

A`
ε,spω, nq Y A´

ε,spω, nq

has an R-learnable uniform rate given by ϕα and so, by applying Lemma 2.11, we can obtain
a R-learnable uniform rate for the formula

Lδ
ł

s“0

A`

ε{3α,spω, nq Y A´

ε{3α,spω, nq

which would give an

m ď pLδ ` 1qϕα

ˆ

λ

Lδ ` 1
,
ε

3α

˙
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such that
P

´

Dp P rLpamq;Lpbmqs Ds P r0, Lδs pA`

ε{3α,sppq Y A´

ε{3α,sppqq

¯

ď λ.

For this choice of m, we show

Dn P ram, bms

ˇ

ˇ

ˇ

ˇ

Sn
n

´
zn
n

ˇ

ˇ

ˇ

ˇ

ą ε

is contained in

Dp P rLpamq, Lpbmqs Ds P r0, Lδs pA`

ε{p3αq,sppq Y A´

ε{p3αq,sppqq.

Hence, the result follows after simplification, using the facts that

α ď 4{3, α2
´ 1 “ pα ´ 1qpα ` 1q ě ε{3ρ, Lδ ` 1 ď 4W {ε.

Suppose we take n P ram, bms such that

(5)

ˇ

ˇ

ˇ

ˇ

Sn
n

´
zn
n

ˇ

ˇ

ˇ

ˇ

ą ε.

Then p :“ Lpnq P rLpamq, Lpbmqs and we can find 0 ď s ď Lδ such that

1

n
zn P rsδ, ps ` 1qδq.

Now, taking p P N such that αp ď n ă αp`1, ensures that n P Cα,s,δ,p. Now, since k
˘
s ppq P Cα,s,δ,p,

we have
1

k˘
s ppq

zk˘
r ppq P rsδ, ps ` 1qδq

which implies
ˇ

ˇ

ˇ

ˇ

1

n
zn ´

1

k˘
s ppq

zk˘
s ppq

ˇ

ˇ

ˇ

ˇ

ď δ.

Now, following the exact same reasoning as [5, 17], we have

´ δ ´

ˆ

1 ´
1

α

˙

ρ `
1

α

1

k´
s ppq

´

Sk´
s ppq ´ zk´

s ppq

¯

ď ´δ ´

ˆ

1 ´
1

α

˙

1

k´
s ppq

zk´
s ppq `

1

α

1

k´
s ppq

´

Sk´
s ppq ´ zk´

s ppq

¯

ď
1

n
Sk´

s ppq ´
1

n
zn

ď
1

n
pSn ´ znq

ď
1

n
Sk`

s ppq ´
1

k`
s ppq

zk`
s ppq ` δ

ď
α

k`
s ppq

´

Sk`
s ppq ´ zk`

s ppq

¯

` pα ´ 1qρ ` δ.

So, (4) implies that (recalling that δ “ ε{3q,

(6)

´
2ε

3
`

1

α

1

k´
s ppq

´

Sk´
s ppq ´ zk´

s ppq

¯

ď
1

m
pSn ´ znq

ď
α

k`
s ppq

´

Sk`
s ppq ´ zk`

s ppq

¯

`
2ε

3
.

So, it must be the case that
pA`

ε{3α,sppq Y A´

ε{3α,sppqq
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as if not, we have
ˇ

ˇ

ˇ

ˇ

1

k˘
s ppq

´

Sk˘
s ppq ´ zk˘

s ppq

¯

ˇ

ˇ

ˇ

ˇ

ď
ε

3α

and so (6) implies
ˇ

ˇ

ˇ

ˇ

Sn
n

´
zn
n

ˇ

ˇ

ˇ

ˇ

ď ε

which contradicts (5). □

We can now obtain our results without the assumption that tXnu are nonnegative.

Theorem 3.2. Suppose tXnu satisfy EpXnq “ 0 for all n P N and

8
ÿ

k“1

VarpXkq

k2
ď V

for some V ą 1. For all R ą 1, tAnu has a R-learnable rate of uniform convergence to 0 given
by

epλ, εq :“
κ2V ρ

3

ε5λ

for a universal constant κ2 ď 27 ˆ κ1, where,

ρ :“ max

"

1,
1

3pR ´ 1q
,
W

2

*

.

Proof. For all n P N, we have VarpXnq “ EpX2
nq ě VarpX`

n q ` VarpX´
n q ě VarpX˘

n q. Thus, we
have

8
ÿ

k“1

VarpX˘
k q

k2
ď V.

Furthermore, EpX`
n q “ EpX´

n q since EpXnq “ 0 and so Ep|Xn|q “ EpX`
n q ` EpX´

n q “ 2EpX˘
n q.

Therefore, we have for all n P N

1

n

n
ÿ

k“1

EpX˘
n q “

zn
2n

ď
W

2
.

From the above and the fact that tX˘
n u are sequences of pairwise independent nonnegative ran-

dom variables, we can apply Theorem 3.1 to obtain an R-learnable rate of uniform convergence
to 0 for

1

n

n
ÿ

k“1

pX˘
k ´ EpX˘

k qq.

is given by

epλ, εq :“
κ1V ρ

3

ε5λ
.

The result then follows from Lemma 2.12, noting that

An “
1

n

n
ÿ

k“1

pX`
k ´ EpX`

k qq ´
1

n

n
ÿ

k“1

pX´
k ´ EpX´

k qq.

and so tAnu will have a learnable rate of uniform convergence given by 2epλ{2, ε{2q. □
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4. Proof of Theorem 1.5

We follow the proof strategy outlined in Section 1.2. First, let us assume we have a sequence of
nonnegative pairwise independent random variables tXnu and a constant µ ą 0 with EpXnq “ µ
for all n P N. Setting

Yn :“ XnItXn ď nu ´ EpXnItXn ď nuq

and

zn :“
n

ÿ

k“1

EpXkItXk ď kuq,

we recall the following decomposition for An:

An “
1

n

n
ÿ

k“1

Yk `
zn
n

`
1

n

n
ÿ

k“1

XkIt|Xk| ą ku.

Hence, if we calculate respective R-learnable rates of uniform convergence ϕ1, ϕ2, ϕ3 for

1

n

n
ÿ

k“1

Yk,
zn
n
,

1

n

n
ÿ

k“1

XkIt|Xk| ą ku,

then Lemma 2.12 implies that tAnu will have an R-learnable rate of uniform convergence given
by

ϕpλ, εq :“ ϕ1pλ{3, ε{3q ` ϕ2pλ{3, ε{3q ` ϕ3pλ{3, ε{3q.

Now, tYnu are pairwise independent with EpYnq “ 0 and for all n P N,

1

n

n
ÿ

k“1

Ep|Yk|q “
1

n

n
ÿ

k“1

E
`

|XkItXk ď ku ´ EpXkItXk ď kuq|
˘

ď 2µ,

where we use the nonnegativity of tXnu, so that in particular EpXnItXn ď nuq ď µ. Further-
more, we have (c.f. Lemma 2.4.3 of [7])

8
ÿ

k“1

VarpYkq

k2
ď 4µ.

Thus, Theorem 3.2 gives us an R-learnable rate of uniform convergence to 0. Applying
Lemma 2.6, we obtain

ϕ1pλ, εq :“
κ3ρ

4

ε5λ
,

where

ρ :“ max

"

1,
1

3pR ´ 1q
, µ

*

,

and κ3 ď 27 ˆ κ2 is a universal constant.
We now follow Section 1.2 to calculate ϕ2. Namely, tzn{nu is a monotone sequence of non-

negative real numbers bounded by µ, so that

ϕ2pλ, εq “
µ

ε

by Lemma 2.2 (see also Remark 2.5).
The calculation of ϕ3 will be the content of the following lemma.
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Lemma 4.1. The sequence
1

n

n
ÿ

k“1

XkItXk ą ku

has an R-learnable rate of uniform convergence given by

ϕ3pλ, εq :“

ˆ

4ρ

λ
` 2

˙ R

logR

ˆ

4ρ

λε

˙V

for all R ą 1, where
ρ :“ maxt1, µu.

Proof. Fix R ą 1. We show that

ψpλ, εq :“

ˆ

4ρ

λ
` 2

˙ R

logR

ˆ

2ρ

λε

˙V

is an R-learnable rate of uniform convergence to 0, and then the result follows from Lemma
2.6.
First, observe that

(7)
8
ÿ

k“1

PpXk ą kq “

8
ÿ

k“1

PpX ą kq ď µ ď ρ.

Let ε, λ P p0, 1s and a0 ă b0 ď a1 ă b1 ď . . . be given such that bn{an ą R, and set

β :“

R

logR

ˆ

2ρ

λε

˙V

.

Our choice of ρ ensures that β ě 1, so

a1 ă bβ ď aβ`1 ă b2β ď a2β`1 ă b3β ď . . .

Thus, Lemma 2.3 applied to (7) implies there exists

m ď
4ρ

λ
` 1

such that

P
´

Dp P ramβ`1; bpm`1qβs pXp ą pq

¯

ď

bpm`1qβ
ÿ

p“amβ`1

PpXp ą pq ď
λ

2
.

We claim that

n :“ pm ` 1qβ ď

ˆ

4ρ

λ
` 2

˙

β ď ψpλ, εq

satisfies

P

˜

Dl P ran; bns

˜

1

l

l
ÿ

k“1

XkItXk ą ku ą ε

¸¸

ď λ,

and so the result follows.
Observe that ran; bns Ď ramβ`1; bpm`1qβs, and if

Dl P ran; bns

˜

1

l

l
ÿ

k“1

XkItXk ą ku ą ε

¸

and @p P ramβ`1; bpm`1qβs pXp ď pq,

then
1

an

amβ
ÿ

k“1

XkItXk ą ku ą ε.
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Hence,

P

˜

Dl P ran; bns

˜

1

l

l
ÿ

k“1

XkItXk ą ku ą ε

¸¸

ď
λ

2
` P

˜

Dl P ran; bns

˜

1

l

l
ÿ

k“1

XkItXk ą ku ą ε X @p P ramβ`1; bpm`1qβs pXp ď pq

¸¸

ď
λ

2
` P

˜

1

an

amβ
ÿ

k“1

XkItXk ą ku ą ε

¸

ď
λ

2
`

1

ε
E

˜

1

an

amβ
ÿ

k“1

XkItXk ą ku

¸

ď
λ

2
`
amβµ

anε
.

We use the fact that Xn are nonnegative and apply Markov’s inequality to obtain the penul-
timate inequality in the above. Finally, since bn{an ą R, one can show by induction that for
each k P Z`

amβ
amβ`k

ă R´k.

Setting k “ β yields,
amβ
an

“
amβ

apm`1qβ

ă R´β,

so
amβµ

anε
ă

µ

εRβ
ď
λ

2

and the proof is complete. □

Therefore, for nonnegative tXnu, An will have a R-learnable rate of uniform convergence
given by

ϕpλ, εq :“ 36 ¨
κ3ρ

4

ε5λ
`

3µ

ε
`

ˆ

12ρ

λ
` 2

˙ R

logR

ˆ

36ρ

λε

˙V

ď
κ4ρ

4

ε5λ

where

ρ :“ max

"

1,
1

3pR ´ 1q
, µ

*

.

and κ4 ď 36κ3 ` 3 ` 14 ˆ 36.
Now to prove Theorem 1.5, we note that tX˘

n u are pairwise iid random variables with
EpX`

n q “ EpX´
n q “ µ{2 and so each have an R-learnable rate of uniform convergence given by

ϕ above replacing µ by µ{2 in the definition of ρ. The result then follows from Lemma 2.3 and
simplification, since we can write Xn “ X`

n ´X´
n . Furthermore, we will have κ ď 27κ4 ď 1011.

5. Oscillatory operators

In the introduction, we introduced the notion of a learnable rate of pointwise convergence.
It is not hard to see that both learnable rates of uniform convergence and moduli of finite
fluctuations are also learnable rates of pointwise convergence. Furthermore, given a modulus
of finite fluctuations, one can obtain a learnable rate of uniform convergence by an argument
due to Powell:
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Proposition 5.1. Suppose tXnu is a sequence of random variables with a modulus of finite
fluctuations ϕ. Then tXnu has a learnable rate of uniform convergence given by

ψpλq :“
2ϕpλ{2q

λ
.

Proof. Fix λ, ε P p0, 1s and a0 ă b0 ď a1 ă b1 ď . . .. Define the event

B :” JεtXnu ě ϕpλ{2q.

So PpBq ď λ{2. To ease notation, write for a, b P N, write Cpa, bq :” Di, j P ra; bs |Xi ´Xj| ą ε.
Now suppose, for contradiction, that for all n ď ψpλq we have PpCpan, bnqq ě λ. Then, for

all n ď ψpλq we must have

PpCpan, bnq ^ Bc
q “ PpCpan, bnqq ´ PpCpan, bnq ^ Bq ě λ ´ PpBq ě

λ

2
.

Now, it is clear that
ÿ

nďψpλq

ItCpan, bnq ^ Bc
u ă ϕpλ{2q.

Thus,

pψpλq ` 1qλ

2
ď

ÿ

nďψpλq

PpCpan, bnq ^ Bc
q “ E

¨

˝

ÿ

nďψpλq

ItCpan, bnq ^ Bc
u

˛

‚ă ϕpλ{2q

and we obtain a contradiction by examining the extremes of the above inequality. □

Remark 5.2. The fact that this bound is indeed optimal follows from Example 4.18 in [22]. The
converse relationship is currently open, that is, to give an explicit bound on the modulus of
finite fluctuations in terms of a given learnable rate of uniform convergence.

An adaptation of the argument in Proposition 5.1 to finitely additive probability spaces
played a crucial role in [16].

Fluctuation bounds, such as Theorem 1.1, which correspond to moduli of finite fluctuations,
appear throughout the ergodic theory literature. In [18, 22], almost sure convergence is studied
from an abstract logical perspective, giving rise to more natural quantitative interpretations of
stochastic convergence, such as learnable rates.

However, in ergodic theory, quantitative notions that are stronger than almost sure conver-
gence have been developed and used to provide strengthenings to classical convergence results.

The first is based on so-called oscillation semi-norms, where for a sequence of real numbers
txnu, an increasing sequence of natural numbers tnku and r ą 1 we define

Or
tnkuptxnuq :“

˜

8
ÿ

k“1

sup
nkďuďvănk`1

|xu ´ xv|
r

¸1{r

.

One can show that txnu convergence if Or
tnku

ptxnuq ă 8 for all increasing sequences of natural

numbers tnku and r ą 1.
The second is based on variation semi-norms, where we define

Vrptxnuq :“ sup
tnku

˜

8
ÿ

k“1

|xnk`1
´ xnk

|
r

¸1{r

with the supremum taken over all increasing sequences of natural numbers tnku.
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It is clear that for all increasing sequences of natural numbers tnku and r ą 1 we have
Or

tnku
ptxnuq ď Vrptxnuq, with the possibility that this inequality is indeed strict (see Remark 2.9

of [9]), thus the finiteness of the V operator is a stronger property that also entails convergence.
Strengthenings of ergodic theorems are given by weak type (1,1) inequalities on the oscillation

and the variation semi-norms (we refer to [14] for a survey detailing the study of these operators
with regard to polynomial ergodic averages), and such results easily give rise to the moduli
arising from proof mining. For example, in [9, Theorem B] it is shown that for r ą 2, Vr is
weak type (1,1). That is, there exists C ą 0 such that for all f P L1 and a ą 0

P

¨

˝sup
tnku

˜

8
ÿ

k“1

|Ank`1
f ´ Ank

f |
r

¸1{r

ě a

˛

‚ď
C∥f∥1
a

.

From this, one can quickly calculate that a modulus of finite fluctuations is given by

epλ, εq “

ˆ

C∥f∥1
λε

˙r

for all r ą 2. Setting r “ 2 in the above expression would yield Theorem 1.1. However, the
above only holds for r ą 2 and for all such r, this results in a worse bound.

In addition, in [9] it is shown that for all increasing sequences of natural numbers tnku and
r ą 1 we have O2

tnku
is also weak type (1,1), with constant independent of tnku. That is, there

exists C ą 0 such that for all sequences of indices n1 ă n2 ă . . ., f P L1, and a ą 0

P

¨

˝

˜

8
ÿ

k“1

sup
nkďuďvănk`1

|Auf ´ Avf |
2

¸1{2

ě a

˛

‚ď
C∥f∥1
a

.

Such a bound does not naturally give moduli of finite fluctuations. However, one can obtain a
learnable rate of pointwise convergence, as follows:

Suppose a0 ă b0 ď a1 ă b1 ď . . . and ε are given. Then

P p@i ď e Dk, l P rai, bjs p|Akf ´ Alf | ě εqq

ď P

¨

˝

˜

8
ÿ

k“1

sup
nkďuďvănk`1

|Auf ´ Avf |
2

¸1{2

ě ε

c

e

3

˛

‚ď
C∥f∥1
a

,

where n2k`1 “ a3k and n2k`2 :“ b3k ` 1. This yields that,

epλ, εq :“
3C2∥f∥21
ε2λ2

is a learnable rate of pointwise convergence. The way the authors establish the weak type (1,1)
inequality for O2

tnku
is of particular interest to us. Their strategy proceeds in two steps. First,

they prove a strong type (2,2) inequality, demonstrating that there exists C ą 0 such that for
all increasing sequences of indices tnku and f P L2

(8) ||O2
tnkuptAnfuq||2 ď C||f ||2.

They then invoke an abstract transfer principle based on the Calderón-Zygmund decomposition
(c.f. [9, Theorem 3.1]) to pass from the strong type (2,2) inequality to the desired weak type
(1,1) bound.

It had already been shown by several authors [4, 9, 23, 29] that (8) held if the sequence of
indices tnku was lacunary, that is, when there exists R ą 1 such that ni`1{ni ą R. In this case,



OSCILLATIONS IN THE STRONG LAW OF LARGE NUMBERS 19

the constant C will depend on R. Our main result, Theorem 1.5, provides uniform bounds
under a similar lacunary condition.

This naturally raises two further questions. First, can one obtain bounds in Theorem 1.5
without imposing lacunarity? Second, what structural properties do the oscillation and vari-
ation operators O and V exhibit when applied to the sample means of pairwise independent,
identically distributed random variables? More precisely:

Problem 5.3. If tXnu are pairwise iid random variables and tAnu are their sample means, is
it the case that for all increasing sequences of natural numbers tnku and r ą 1 we have:

Or
tnkuptAnuq ă 8 and VrptAnuq ă 8

almost surely? Furthermore, can one establish weak type and strong type inequalities?

Acknowledgements. We thank Thomas Powell for allowing us to include the proof of
Proposition 5.1.
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