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Abstract. We establish novel quantitative limit theorems for the asymptotic distribution of
colours in a generalized Pólya urn. Concretely, we construct explicit rates of convergence for
the proportion of balls of each colour in the urn, both in square-mean and almost surely, under
a general condition on the replacement matrix. As an application, we revisit three models of
random recursive trees studied by Janson (Random Structures & Algorithms 26 (2005), 69–83):
random recursive trees, random plane recursive trees, and random recursive d-ary trees. For
each model, we show that the corresponding outdegree statistics can be cast as generalized
Pólya urns, and thereby obtain explicit rates of convergence, both in L2 and almost surely, for
the proportion of nodes of each outdegree. In all three cases, the rates we obtain are of order
O(1/n) in L2 and almost surely, and are uniform in the outdegree under consideration.
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1. Introduction

We consider a generalized Pólya urn process (U(n))n≥0 defined as follows (cf. [10]).1 One has
an urn containing balls which can be one of d ≥ 2 different colours and each U(n) is a vector
in Nd stipulating the configuration (U0(n), · · · , Ud−1(n)) of the urn at time n, where Ui(n) ≥ 0
indicates the number of balls of colour i. The urn starts in an initial state U(0) ∈ Nd which is
assumed not to be the zero vector. The dynamics of the urn are determined by a replacement
matrix (Rij)0≤i,j≤d−1, whose entries are integers. At each step, we uniformly at random select
a ball from the urn and check its colour. If a ball of colour i was selected, we add (or remove)
balls to the urn according to the entries in the row Ri (with negative entries corresponding to
removing balls).

Let T (n) :=
∑d−1

i=0 Ui(n) be the total number of balls inside the urn at time n. We say that

a generalized Pólya urn has balance λ ∈ N \ {0}, if for all 0 ≤ i ≤ d− 1 we have
∑d−1

j=0 Rij = λ.
A generalized Pólya urn with a balance is said to be balanced. This will imply that λ is an
eigenvalue of R. This means that the change in the number of balls in each step remains
constant and therefore T is deterministic, given by T (n) =

∑d−1
i=0 Ui(0) + nλ.2

The removal of balls from the urn is permitted provided that the number of balls of every
colour remains nonnegative throughout the evolution of the urn. Whenever the number of
balls of a given colour becomes negative, the urn is declared extinct, and the process stops.
Conditions on the replacement matrix R and the initial composition U(0) can be placed that

1This is a generalisation of the well-known process of Pólya-Eggenberger urn [7] or Friedman urn [9].
2We assume in our generalized Pólya urn model that the initial state U(0) is always deterministically given.
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guarantee that extinction almost surely never occurs (see e.g. [14]). One such condition is that
for each i there is an integer di ≥ 1 such that Rii ≥ 0 or Rii = −di and di divides Ui(0) and
Rij for all 0 ≤ j ≤ d− 1. Such urns are called tenable [2].

Our main results are (quantitative) limit theorems which are akin to the classic strong law
of large numbers for generalized Pólya urns:

Theorem 1.1 (cf. Theorem 3.1 of [11]). Let (U(n))n≥0 be a tenable d-colour generalized Pólya
urn with a irreducible replacement matrix R, which is assumed to have balance λ ∈ N \ {0}.
For u an eigenvector of R with eigenvalue λ whose components sum to 1, we have

U(n)

n
→ λu almost surely.

Equivalently

Û(n) :=
Ui(n)

T (n)
→ u almost surely.

Theorem 1.1 is typically attributed to Athreya and Karlin [1], who established the result
under the assumption that the replacement matrix was nonnegative. The case when the urn is
tenable and further extensions are due to Janson [10, 11].

Our main results (Theorems 3.2 and 3.3) establish a quantitative rendering of the convergence
in Theorem 1.1 (both almost surely and in L2) with the conditions that the urn is tenable
and irreducible replaced with a different condition on the replacement matrix. To motivate
our quantitative results on almost sure convergence, we recall that a stochastic process (Xn)
converges almost surely to a random variable X if and only if, for all ε > 0,

(⋆) lim
n→∞

P
(
∃m ≥ n (|Xm −X| ≥ ε)

)
= 0.

This equivalence is entirely standard and follows from the continuity of probability measures
(see, e.g., [25, Lemma 3.1]). A natural way to quantify the speed of almost sure convergence
is therefore to study the speed at which the probabilities in (⋆) tend to 0.3 This approach was
used to study the speed of convergence in the Strong Law of Large Numbers by Siegmund [34]
(see also [8]) and more recently by the first author [18, 20]. There has also been a growing
interest in using (⋆) to study quantitative almost sure convergence in nonlinear stochastic ap-
proximation and stochastic optimisation; see [23, 24, 28, 29, 30, 31] for example.

We illustrate our results with the following instance of our quantitative limit theorems.
Throughout the paper, for a matrix P , we write symm(P ) := (P + P⊤)/2 for its symmetric
part and λmax(P ) for its eigenvalue of largest real part.

Theorem 1.2. Let (U(n))n≥0 be d-colour generalized Pólya urn with replacement matrix R,
which is assumed to have balance λ ∈ N \ {0} and satisfy

A := λmax(symm((R− λI))) < −λ

2
.

For u an eigenvector of R with eigenvalue λ whose components sum to 1, we have

E
[∥∥∥Û(n)− u

∥∥∥2] ≤ λt

λ(n+ 1) + T (0)
for all n ∈ N

3Together with Pischke and Oliva, the first author provided a proof-theoretic justification in [21] for why
the computational content of almost sure convergence should be studied via (⋆), in the context of extending
Kohlenbach’s proof mining program [13] to probability theory [22].
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and

P
(
∃m ≥ n

(∥∥∥Û(n)− u
∥∥∥ ≥ ε

))
≤ λ

ε2
· t+ 2q

λ(n+ 1) + T (0)
for all n ∈ N and ε > 0

where

t ≥ max

{
−λq

2A+ λ
, 5

(
1 +

T (0)

λ

)}
, q :=

(
D + λ

λ

)2

and D ≥ max
i≤d−1

∥Ri∥ .

The proof of Theorem 1.1 given in [10, 11] proceeds via an embedding argument that passes
to continuous time and studies a related problem in that setting. We take a different approach:
we first make the classical observation that the colour proportions of a generalised Pólya urn
satisfy a stochastic approximation algorithm, and then study the quantitative convergence of
such algorithms, relying on a similar approach of the first author, Pischke, and Powell, who
establish in [24] quantitative results for general stochastic processes satisfying a monotonicity
condition.

From Theorem 1.1, Janson [11] derived asymptotic results on the distribution of outdegrees in
several random tree models. We show that these results are consequences of our limit theorems
and thereby obtain novel quantitative strengthenings.

1.1. Applications to random tree models. A recursive tree is a rooted tree such that each
node is labelled by a natural number, and the labels of any path, starting from the root, form
an increasing sequence. A random recursive tree with n nodes, Tn, is a random tree drawn uni-
formly from the (n− 1)! recursive trees with n nodes. One can instead define random recursive
trees algorithmically, where starting from a single node, we obtain Tn from Tn−1, by attaching
a new leaf to a node chosen uniformly at random from Tn−1.

Writing Xi(n) for the number of nodes of outdegree i ≥ 0 in a random recursive tree with n
nodes, Janson [11] proved the following.

Theorem 1.3 (cf. Theorem 1.1 of [11]). For all i ≥ 0,

Xi(n)

n
→ 1

2i+1
almost surely.

This result extends earlier work of Mahmoud and Smythe [15], who had treated nodes of
outdegrees 0, 1, and 2.

As an application to our main quantitative limit theorems, we obtain a quantitative version
of this convergence, both almost surely and in L2. Concretely, we obtain:

Theorem 1.4. For all i ≥ 0, we have the following:

E

[∣∣∣∣Xi(n)

n
− 1

2i+1

∣∣∣∣2
]
≤ 20

n
for all n ≥ 1

and,

P
(
∃m ≥ n

(∣∣∣∣Xi(m)

m
− 1

2i+1

∣∣∣∣ ≥ ε

))
≤ 108

ε2n
for all ε > 0 and n > 2/ε.

In [15, Section 3], the authors compute the first and second moments of Xi(n) explicitly for
i = 0, 1, 2; from these calculations, one can verify that our L2 bound is asymptotically sharp
in these cases. Note that our Theorem 1.4 furthermore provides a qualitative improvement to
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Theorem 1.3 as the result demonstrates that the convergence of Xi(n)/n is uniform in i, both
almost surely and in L2.

We turn now to the second model studied in [11], that of the random plane recursive tree. As
before, a random plane recursive tree Tn with n nodes is obtained algorithmically by adding a
leaf to Tn−1, but now the children of each node are ordered (from left to right, say), and the new
leaf may be inserted in any gap between existing children, or at either end. A node of outdegree
d thus offers d+1 possible insertion points, so the total number of available positions in Tn−1 is
2(n− 1)− 1, and Tn is obtained by choosing one of these positions uniformly at random. The
outdegree distribution of random plane recursive trees was studied by Mahmoud, Smythe, and
Szymański [16], and Janson [11] subsequently obtained the following result. Writing Yi(n) for
the number of nodes of outdegree i ≥ 0 in a random plane recursive tree with n nodes:

Theorem 1.5 (cf. Theorem 1.2 of [11]). For all i ≥ 0,

Yi(n)

n
→ 4

(i+ 1)(i+ 2)(i+ 3)
almost surely.

We obtain the following quantitative strengthening.

Theorem 1.6. For all i ≥ 0, we have the following:

E

[∣∣∣∣Yi(n)

n
− 4

(i+ 1)(i+ 2)(i+ 3)

∣∣∣∣2
]
≤ 272

n
for all n ≥ 1

and

P
(
∃m ≥ n

(∣∣∣∣Yi(m)

m
− 4

(i+ 1)(i+ 2)(i+ 3)

∣∣∣∣ ≥ ε

))
≤ 768

ε2n
for all ε > 0 and n ≥ 2/ε.

Theorem 1.6 should be compared with [16, Theorem 3], where the authors show

E[Yi(n)] =
4n− 2

(i+ 1)(i+ 2)(i+ 3)
+O

(
1

n

)
,

which gives

(⋆⋆) E
[
Yi(n)

n
− 4

(i+ 1)(i+ 2)(i+ 3)

]
= O

(
1

n

)
.

While the L2 bound in Theorem 1.6 yields only the weaker rate O(1/
√
n) for the quantity

in (⋆⋆), it is a stronger result in two respects. First, it controls the speed of L2 convergence
directly, whereas (⋆⋆) does not even imply L1 convergence. Second, although the constant
in [16] for (⋆⋆) is not given explicitly, an inspection of their proof reveals that it depends on
the outdegree i; in contrast, our results demonstrate that, like the case of recursive trees, the
convergence both almost surely and in L2 is uniform in i.

The final model studied by Janson [11] is that of random recursive d-ary trees, for d ≥ 2.
A random recursive d-ary tree with n nodes is a tree drawn uniformly at random from the set
of all subtrees with n nodes of a complete infinite d-ary tree, rooted at the same root. In the
case d = 2, the distribution of outdegrees for this random tree model was studied by Devroye
[5]. Fixing d ≥ 2 and writing Zi(n) for the number of nodes of outdegree i ≥ 0 in a random
recursive d-ary recursive tree with n nodes, Janson showed the following.



QUANTITATIVE LIMIT THEOREMS FOR GENERALIZED PÓLYA URNS 5

Theorem 1.7 (cf. Theorem 1.2 of [11]). For all i ≥ 0,

Zi(n)

n
→ si almost surely.

Where

si :=

(
2d−i−2
d−2

)(
2d−1
d−1

) .

We provide the following quantitative strengthening of this result:

Theorem 1.8. For all 0 ≤ i < d, we have the following:

E

[∣∣∣∣Zi(n)

n
− si

∣∣∣∣2
]
≤ 19d2

n
for all n ≥ 1

and

P
(
∃m ≥ n

(∣∣∣∣Zi(m)

m
− sd

∣∣∣∣ ≥ ε

))
≤ 108d2

ε2n
for all ε > 0 and n ≥ 2/ε.

Moreover, we have

E

[∣∣∣∣Zd(n)

n
− sd

∣∣∣∣2
]
≤ 19d4

n
for all n ≥ 1

and

P
(
∃m ≥ n

(∣∣∣∣Zd(m)

m
− sd

∣∣∣∣ ≥ ε

))
≤ 108d5

ε2n
for all ε > 0 and n ≥ 2/ε.

We note that we did not attempt to optimise the constants used in the above results. We
anticipate that much better constants can be achieved.

2. The quantitative convergence of stochastic approximation algorithms

In their most general form, stochastic approximation algorithms are stochastic processes (Xn)
taking values in Rd and satisfying

Xn+1 = Xn + γn+1Vn+1,

where (Vn) are random variables and (γn) are step sizes, which may in general be stochastic but
are deterministic in all cases considered here. Depending on the setting, additional assumptions
are imposed to ensure that (Xn) converges almost surely to a solution of the problem at hand.

Stochastic approximation algorithms originated in the 1950s with the seminal contributions
of Robbins and Monro [32], Kiefer and Wolfowitz [12], and Blum [4], where the central problem
was to locate the roots of functions whose values can only be observed in the presence of noise.
We refer the reader to the monograph [6] for a thorough treatment of stochastic approximation
algorithms and their applications, and to the survey [27] for examples arising specifically in the
context of urn models.

The present paper, however, requires a quantitative version of the convergence of the following
stochastic approximation algorithm. Here and throughout, for an n × n matrix P , we write
⟨·, ·⟩P for the bilinear form on Rn defined by ⟨x, y⟩P := ⟨xP, y⟩ (note that all bilinear forms on
Rn arise through such a P ). Furthermore, one has that ⟨·, ·⟩P is symmetric iff P is symmetric.

We write ∥x∥P :=
√

|⟨x, x⟩P | and note that ∥·∥P is a semi-norm iff P is semi-definite.

Theorem 2.1. Let (Xn) and (∆Mn) be sequences of random variables, adapted to a filtration
(Fn), taking values in Rn, (γn) be a sequence of nonnegative real numbers, F : Rn → Rn be a
measurable function on Rn and P be a symmetric, positive-semi-definite n×n matrix. Suppose:
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(i) For all n ≥ 0 we have Xn+1 = Xn + γn(F (Xn) + ∆Mn+1)
(ii) E[∆Mn+1 | Fn] = 0
(iii) For all n ∈ N, we have ⟨F (Xn), Xn−z⟩P ≤ −A ∥Xn − z∥2P for some z ∈ Rn and A > 0.

(iv) For all n ≥ 0 we have E[∥F (Xn) + ∆Mn+1∥2P | Fn] ≤ K for some K > 0
(v)

∑∞
n=0 γn = ∞ and

∑∞
n=0 γ

2
n < ∞.

(vi) E[∥X0 − z∥2P ] < L for some L > 0

Then Xn converges to z, with respect to the semi-norm ∥·∥P , almost surely and in L2. In other
words

E
[
∥Xn − z∥2P

]
→ 0 and ∥Xn − z∥P → 0 almost surely.

Rather than proving Theorem 2.1 directly, we establish the following quantitative strengthen-
ing, in which we obtain rates of almost sure convergence and L2 convergence for (Xn), expressed
in terms of a suitable quantitative reading of condition (v).

Definition 2.2. Let (xn) be a sequence of nonnegative real numbers.

• If
∑∞

i=0 xn = ∞, we say a function θ : N× R+ → N is a rate of divergence for
∑∞

i=0 xn

if
∑θ(k,b)

n=k xn ≥ b for any b > 0 and k ∈ N.
• If

∑∞
i=0 xn < ∞, we say a function χ : R+ → N is a rate of convergence for

∑∞
i=0 xn if∑∞

n=χ(ε) xn < ε for any ε > 0.

Theorem 2.3. Let (Xn) and (∆Mn) be sequences of random variables, adapted to a filtration
(Fn), taking values in Rn, (γn) be a sequence of nonnegative real numbers, F : Rn → Rn be a
measurable function on Rn and P be a symmetric, positive-semi-definite n×n matrix. Suppose
conditions (i)-(iv) and (vi) of Theorem 2.1 hold and

(v’)
∑∞

n=0 γn = ∞ with rate of divergence θ and
∑∞

n=0 γ
2
n < Γ, for Γ > 0, with rate of

convergence χ.

Then Xn converges to z, with respect to the semi-norm ∥·∥P in L2 and, quantitatively,

∀ ε > 0 ∃n ≥ ρ(ε)
(
E[∥Xn − z∥2P ] < ε

)
with rate

ρ(ε) := θ

(
χ
( ε

2K

)
,
L+KΓ

Aε

)
.

Moreover, Xn converges to z, with respect to the semi-norm ∥·∥P , almost surely and, quantita-
tively,

∀ ε, δ > 0 ∃n ≥ ρ′(δ, ε) (P (∃m ≥ n (∥Xm − z∥P ≥ ε)) < δ)

with rate ρ′(δ, ε) := ρ(δε2).

Proof. Let V (n) := ∥Xn − z∥2P . Assumption (i) and the fact that P is symmetric and positive-
semi-definite imply

Vn+1 = Vn + 2γn⟨F (Xn) + ∆Mn+1, Xn − z⟩P + γ2
n ∥(F (Xn) + ∆Mn+1)∥2P .

Taking conditional expectations of both sides and using assumptions (ii)-(iv) yields:

(†) E[Vn+1 | Fn] ≤ Vn − 2AγnVn +Kγ2
n.

Concretely, we use standard properties of the conditional expectation and condition (ii) to
obtain

E[⟨F (Xn) + ∆Mn+1, Xn − z⟩P | Fn] = ⟨F (Xn), Xn − z⟩P
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noting that Xn − z and F (Xn) are Fn-measurable random variables, then the other conditions
are used to obtain the bounds.

We now argue as in [24, Theorem 3.4]. Taking expectations in (†) and summing, yields that
for all n ∈ N

n∑
i=0

2AγiE[Vi] ≤ E[V0]− E[Vn+1] +
n∑

i=0

Kγ2
n < L+KΓ.

Now we have

∀ε > 0 ∀N ∈ N ∃n ∈
[
N ; θ

(
N,

L+KΓ

2Aε

)]
(E[Vn] < ε)

as if not, we may take ε > 0 and N ∈ N with E[Vn] ≥ ε for all n ∈
[
N ; θ

(
N, L+KΓ

2Aε

)]
. This

would entail

L+KΓ

2A
≤ ε

θ(N,(L+KΓ)/2Aε)∑
n=N

γn ≤
θ(N,(L+KΓ)/2Aε)∑

n=N

γnE[Vn] ≤
∞∑
n=0

γnE[Vn] <
L+KΓ

2A

which is a contradiction. For any n ∈ N, define

Un := Vn +
∞∑
i=n

Kγ2
i .

(Un) is a nonnegative supermartingale, since for any n ∈ N we have

E[Un+1 | Fn] = E [Vn+1 | Fn] +
∞∑

i=n+1

Kγ2
i ≤ Vn +Kγ2

n +
∞∑

i=n+1

Kγ2
i = Un.

Now, Let ε > 0 be given and suppose m ≥ ρ(ε). We can take

n(ε) ∈
[
χ
( ε

2K

)
; θ

(
χ
( ε

2K

)
,
L+KΓ

Aε

)]
such that E[Vn(ε)] ≤ ε/2, in particular, m ≥ n(ε). Thus, As (Un) is a supermartingale, we have
E[Vm] ≤ E[Un(ε)] = E[Vn(ε)] +

∑∞
i=n(ε) Kγ2

i ≤ E[Vn(ε)] +
∑∞

i=χ(ε/2K)Kγ2
i ≤ ε. This yields that ρ

is a rate of convergence for E[Vn] → 0. For the rate that Vn → 0 a.s., note that

P(∃m ≥ ρ(δε2)(∥Xm − z∥ ≥ ε)) ≤ P(∃m ≥ ρ(δε2)(Vm ≥ ε2))

≤ P(∃m ≥ n(δε2)(Um ≥ ε2))

≤
E[Un(δε2)]

ε2
≤ δ,

where the first inequality follows from the definition of Vn, the second inequality from the fact
that ρ(δε2) ≥ n(δε2) and Un ≥ Vn and the last inequality follows from Ville’s inequality, for
nonnegative supermartingales. This then implies that ∥Xm − z∥ → 0 a.s. (or equivalently that
Xn converges to z a.s. ) with rate ρ′. □

For suitable parameters of the stochastic approximation algorithms in Theorem 2.3, one is
able to obtain fast rates. We first need a lemma from [24].

Lemma 2.4 (cf. Lemma 3.5 of [24]). Suppose that (xn) is a sequence of nonnegative reals such
that for c > 1, q ≥ 0 and r > 0, we have

xn+1 ≤
(
1− c

n+ r

)
xn +

q

(n+ r)2
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for all n ∈ N. Then for all n ∈ N:

xn ≤ t

n+ r
for t ≥ max

{
q

c− 1
, rx0

}
.

Proof. We show the claim by induction. The case n = 0 holds by the definition t, and for the
induction step, we note that since q ≤ t(c − 1), we have q ≤ t

(
c− n+r

n+r+1

)
for all n, r, and

therefore

xn+1 ≤
(
1− c

n+ r

)
t

n+ r
+

q

(n+ r)2

≤ t

((
1− c

n+ r

)
1

n+ r
+

(
c− n+ r

n+ r + 1

)
1

(n+ r)2

)
= t

(
1

n+ r
− 1

(n+ r + 1)(n+ r)

)
=

t

n+ r + 1

which completes the induction. □

We note that in [24] the above lemma was stated under the additional assumption that r ∈ N;
however, as the proof presented here shows, this assumption is not needed. We now have the
following result, which yields fast rates for the convergence of the stochastic approximation
algorithm (Xn) in Theorem 2.1, under additional assumptions imposed on the parameters γn.

Theorem 2.5. Let (Xn) and (∆Mn) be sequences of random variables, adapted to a filtration
(Fn), taking values in Rn, let (γn) be a sequence of nonnegative real numbers, and let F : Rn →
Rn be a measurable function on Rn and P be a symmetric, positive-semi-definite n× n matrix.
Suppose (i)-(iv) and (vi) of Theorem 2.1 hold, and

(v”) Kγ2
n ≤ q/(n+ r)2 and c/(n+ r) ≤ 2Aγn, for all n ∈ N where c > 1, q ≥ 0 and r ≥ 1.

Then

E[∥Xn − z∥2P ] ≤
t

n+ r
and P (∃m ≥ n(∥Xn − z∥P ≥ ε)) ≤ t+ 2q

ε2(n+ r)

for all n ∈ N and ε > 0, where t ≥ max {q/(c− 1), rL}.

Proof. From (†) in the proof of Theorem 2.3, for Vn := ∥Xn − z∥2P , we have

E[Vn+1 | Fn] ≤ Vn − 2AγnVn +Kγ2
n.

We now argue as in [24, Theorem 3.6]. Taking expectations (†) yields

E[Vn+1] ≤ E[Vn]− 2AγnE[Vn] +Kγ2
n

≤ (1− 2Aγn)E[Vn] +Kγ2
n

≤
(
1− c

n+ r

)
E[Vn] +

q

(n+ r)2
.

Applying Lemma 2.4 yields that for all n ∈ N

E[Vn] ≤
t

n+ r
for t ≥ max

{
q

c− 1
, rL

}
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so we have the first claim. For the second claim, first note that, using the assumption that
r ≥ 1, we have for all i ≥ 0

Kγ2
i ≤ q

(i+ r)2
≤ 2q

(i+ r)(i+ r + 1)
= 2q

(
1

i+ r
− 1

i+ r + 1

)
so that summing yields that, for all n ≥ 0

∞∑
i=n

Kγ2
i ≤ 2q

∞∑
i=n

(
1

i+ r
− 1

i+ r + 1

)
=

2q

n+ r
.

Now define

Un := Vn +
∞∑
i=n

Kγ2
i .

As in the proof of Theorem 2.3, we have that (Un) is a nonnegative supermartingale. Now, we
have

E[Un] = E[Vn] +
∞∑
i=n

Kγ2
i ≤ t+ 2q

n+ r
,

and Ville’s inequality yields

P (∃m ≥ n(Vm ≥ ε)) ≤ P (∃m ≥ n(Um ≥ ε)) ≤ E[Un]

ε
≤ t+ 2q

ε(n+ r)

and the second claim follows. □

3. Main results: Quantitative limit theorems for generalized Pólya urns

Throughout this section we fix a d-colour generalized Pólya urn (U(n))n≥0 with replacement
matrix R, which is assumed have balance λ ∈ N \ {0}. The evolution of the urn is governed
recursively by

U(n+ 1) = U(n) +Rξ(n+1),

where ξ(n+ 1) are random variables taking values in {0, · · · , d− 1} with distribution

P(ξ(n+ 1) = i | U(n)) =
Ui(n)

T (n)
=: Ûi(n) ∀ 0 ≤ i ≤ d− 1.

We recall the classical observation that the colour proportions (Û(n))n≥0 evolve as a stochastic
approximation algorithm (see, for example, Section 2.4 of the survey by Pemantle [27] or Lemma
2.9 of the lecture notes of Mailler [17]). Throughout this section, (Fn) denotes the natural
filtration generated by (U(n)).

Proposition 3.1. For all n ≥ 0,

Û(n+ 1) = Û(n) + γn
(
F (Û(n)) + ∆Mn+1

)
,

where γn = 1
T (n+1)

, ∆Mn+1 := Rξ(n+1) − E
[
Rξ(n+1) | Fn

]
, and F : Rd → Rd is a function given

by F (x) =
∑d−1

i=0 xi

(
Ri − λx

)
. Moreover, on the simplex

S =
{
(x0, . . . , xd−1) ∈ [0, 1]d :

d−1∑
i=0

xi = 1
}
,

we have F (x) = x(R− λI) which implies F (Û(n)) = Û(n)(R− λI).
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Proof. From the recursive definition of (U(n))n≥0, we have

Û(n+ 1) =
U(n) +Rξ(n+1)

T (n+ 1)
=

U(n)

T (n)
· T (n)

T (n+ 1)
+

Rξ(n+1)

T (n+ 1)

= Û(n) ·
(
1− λ

T (n+ 1)

)
+

Rξ(n+1)

T (n+ 1)
= Û(n) +

Rξ(n+1) − λ Û(n)

T (n+ 1)
.

Now, we set

∆Mn+1 = Rξ(n+1) − λ Û(n)− E
[
Rξ(n+1) − λ Û(n) | Fn

]
= Rξ(n+1) − E

[
Rξ(n+1) | Fn

]
.

Since P(ξ(n+ 1) = i | Fn) = Ûi(n), we get that

E
[
Rξ(n+1) − λ Û(n) | Fn

]
=

d∑
i=1

Ûi(n)
(
Ri − λ Û(n)

)
= F (Û(n)).

It thus follows that,

Û(n+ 1) = Û(n) +
1

T (n+ 1)

(
F (Û(n)) + ∆Mn+1

)
.

For x ∈ S, we easily see for all 0 ≤ j ≤ d− 1

F (x)j =
d−1∑
i=0

xiRij − λxj

d−1∑
i=0

xi

=
d−1∑
i=0

xiRij − λxj = (x(R− λI)j.

□

Now, if in addition, we have u ∈ S satisfying

(∗) ⟨F (x), x− u⟩ = ⟨x(R− λI), x− u⟩ < 0 for all x ∈ S \ {u},
then Proposition 3.1, together with standard convergence results for stochastic approximation
algorithms (see, for example, [6, Theorem 1.4.26]), would imply that Û(n) → u almost surely.
However, it is not clear that condition (∗) holds in general, even with the assumptions that the

urn is tenable and irreducible, although Theorem 1.1 nevertheless guarantees that Û(n) → u
almost surely in that case.

Nevertheless, it is still possible to obtain quantitative convergence results under additional
assumptions closely related to the condition (∗), without the assumption of the urn being
irreducible or tenable. In fact, we get a more general result, where we obtain convergence with
respect to a semi-norm arising from a bilinear form. Recall that for a matrix P , we write
⟨x, y⟩P := ⟨xP, y⟩ and ∥x∥P :=

√
|⟨x, x⟩P |. Let us write ∥P∥ for the operator norm of P .

Theorem 3.2. Let P be a symmetric, positive-semi-definite d× d matrix. Assume that for all
n ∈ N

(∗∗) ⟨F (Û(n)), Û(n)− u⟩P ≤ −A
∥∥∥Û(n)− u

∥∥∥2
P
, for some u ∈ S and A > 0.

Then Û(n) converges to u, with respect to the semi-norm ∥·∥P in L2 and, quantitatively,

∀ ε > 0 ∃n ≥ ρ(ε)
(
E[∥Û(n)− u∥2P ] < ε

)
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with

ρ(ε) :=

⌈(⌈
ℓ

ε

⌉
+ T (0) + 1

)
exp

(
λ(5 ∥P∥+ ℓ)

Aε

)⌉
,

where ℓ := 2

(
D+λ

√
∥P∥

λ

)2

, D is any number with D ≥ maxi≤d−1 ∥Ri∥ and T (0) :=
∑d−1

i=0 Ui(0)

denotes the initial total number of balls in the urn. Moreover, Û(n) converges to u almost
surely, with respect to the semi-norm ∥·∥P and, quantitatively,

∀ ε, δ > 0 ∃n ≥ ρ′(δ, ε)
(
P
(
∃m ≥ n

(
∥Û(m)− u∥P ≥ ε

))
< δ
)

with rate ρ′(δ, ε) := ρ(δε2).

Proof. The goal is to apply Theorem 2.3 with F (x) = x(R−λI). By Proposition 3.1, conditions
(i) and (ii) are satisfied. The assumption (∗∗) of the theorem corresponds to condition (iii).
Now, recall that

F (Û(n)) + ∆Mn+1 = Rξ(n+1) − λÛ(n),

and since,

∥Û(n)∥P =

√
⟨Û(n)P, Û(n)⟩ ≤

√∥∥∥Û(n)P
∥∥∥∥∥∥Û(n)

∥∥∥ ≤
√
∥P∥

where we use the fact that
∥∥∥Û(n)

∥∥∥ ≤ 1 to obtain the final inequality, we get

E
[∥∥∥F (Û(n)) + ∆Mn+1

∥∥∥2
P
| Fn

]
≤ (D + λ

√
∥P∥)2.

Hence, condition (iv) holds with K = (D + λ
√

∥P∥)2. As u ∈ S, we have ∥u∥ ≤ 1. So,

∥Û(0) − u∥2P ≤
(
∥Û(0)∥P + ∥u∥P

)2
≤ 4 ∥P∥, and condition (vi) holds with L = 5 ∥P∥ (we

assume P is not the zero matrix, otherwise the result trivially holds).

We now verify that

θ(k, b) :=
⌈
(k + T (0) + 1)eλb

⌉
, χ(ε) :=

⌈
1

λ2ε

⌉
, and Γ :=

2

λ2

satisfy condition (v’). First, for all N, k ∈ N
N∑

n=k

γn =
N∑

n=k

1

λ(n+ 1) + T (0)
≥ 1

λ

N∑
n=k

1

n+ 1 + T (0)
≥ 1

λ
log

(
N + T (0) + 2

k + T (0) + 1

)
,

which entails that θ is a rate of divergence for
∑

γn = ∞. Second, for all k ≥ 1

∞∑
n=k

γ2
n ≤ 1

λ2

∞∑
n=k

1

(n+ 1)2
≤ 1

λ2k
.

Hence, χ is a rate of convergence for
∑

γ2
n. Moreover, we have

∞∑
n=0

γ2
n = γ2

0 +
∞∑
n=1

γ2
n ≤ 1

(λ+ T (0))2
+

1

λ2
<

2

λ2
=: Γ.

The conclusion now follows from Theorem 2.3 after a straightforward computation of the rate
ρ. □
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Furthermore, if the coefficient A is strictly bounded below by λ/2, we can use Theorem 2.5
to obtain fast rates.

Theorem 3.3. Let P be a symmetric, positive-semi-definite d× d matrix. Assume that for all
n ∈ N

(∗∗) ⟨Û(n)(R− λI), Û(n)− u⟩P ≤ −A
∥∥∥Û(n)− u

∥∥∥2
P
, for some u ∈ S and A >

λ

2
.

Then

E
[∥∥∥Û(n)− u

∥∥∥2
P

]
≤ λt

λ(n+ 1) + T (0)
and P

(
∃m ≥ n

(∥∥∥Û(n)− u
∥∥∥
P
≥ ε
))

≤ λ

ε2
· t+ 2q

λ(n+ 1) + T (0)

for all n ∈ N and ε > 0, where t ≥ max {λq/(2A− λ), 5 ∥P∥ (1 + T (0)/λ)}, q :=
(

D+λ
√

∥P∥
λ

)2

and D ≥ maxi≤d−1 ∥Ri∥P .

Proof. From the proof of Theorem 3.2, we just need to verify that under the assumption that
A > λ

2
, condition (v”) holds with K := (D+ λ

√
∥P∥)2. Namely, we will show that it holds for

q :=

(
D + λ

√
∥P∥

λ

)2

> 0, r := 1 +
T (0)

λ
> 1, c :=

2A

λ
> 1.

Indeed, we have

Kγ2
n = (D + λ

√
∥P∥)2 1

(λ(n+ 1) + T (0))2
=

(
D+λ

√
∥P∥

λ

)2

(n+ (1 + T (0)
λ

))2
=

q

(n+ r)2

and

2Aγn =
2A

λ

1

n+ (1 + T (0)
λ

)
=

c

n+ r
.

The result now follows from Theorem 2.5 with simple computations. □

For 1 ≤ p ≤ d, write Jp for the d × d matrix formed by taking the first p columns of the
identity matrix and setting the remaining columns to 0, i.e. diag(1, . . . , 1, 0, . . . , 0). Our quan-
titative results on the asymptotic distribution of the outdegrees in the random tree models
considered in this paper will be consequences of Theorem 3.3, with P set to be Jp for suitable
p. Here and throughout the paper, we write ⟨x, y⟩p := ⟨x, y⟩Jp and ∥x∥p := ∥x∥Jp for any

x, y ∈ Rd. If x := (x0, . . . , xd−1) ∈ Rd and 1 ≤ p ≤ d we write x|p for the truncated vector
(x0, . . . , xp−1) ∈ Rp. One can easily verify that ⟨x, y⟩p := ⟨x|p, y|p⟩ which entails ∥x∥p := ∥x|p∥.

We have the immediate corollary of Theorem 3.3, for the case P = Jp.

Corollary 3.4. Let 1 ≤ p ≤ d. Assume that for all n ∈ N

⟨Û(n)(R− λI), Û(n)− u⟩p ≤ −A
∥∥∥Û(n)− u

∥∥∥2
p
, for some u ∈ S and A >

λ

2
.

Then

E
[∥∥∥Û(n)− u

∥∥∥2
p

]
≤ λt

λ(n+ 1) + T (0)
and P

(
∃m ≥ n

(∥∥∥Û(n)− u
∥∥∥
p
≥ ε

))
≤ λ

ε2
· t+ 2q

λ(n+ 1) + T (0)

for all n ∈ N and ε > 0, where t ≥ max {λq/(2A− λ), 5(1 + T (0)/λ)}, q :=
(
D+λ
λ

)2
and

D ≥ maxi≤d−1 ∥Ri∥p.
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Proof. The proof follows from Theorem 3.3 after noting that Jp is symmetric, positive-semi-
definite and ∥Jp∥ = 1. □

Remark 3.5. All our quantitative results for random trees, which we shall present in the fol-
lowing section, will be consequences of Corollary 3.4. In particular, in these applications, we
take p ∈ {d, d−1} and establish a condition stronger than the premise of the theorem requires.
Concretely, in each case we exhibit A > λ/2 such that

(***) ⟨w,w(R− λI)⟩p ≤ −A∥w∥2p for all w ∈ Rd with
d−1∑
i=0

wi = 0.

Applying this with w = Û(n)−u, where u is an eigenvector of R corresponding to the eigenvalue
λ whose components sum to 1, yields the premise of Corollary 3.4; note that the components
of w sum to 0 since the components of both u and Û(n) sum to 1.

Such an A satisfying (∗ ∗ ∗) can always be found.

Proposition 3.6. Suppose p ∈ {d, d− 1}. Then

⟨w,w(R− λI)⟩p ≤ −A|w∥2p for all w ∈ Rd with
d−1∑
i=0

wi = 0.

for

A := −λmax(symm(CpJp(R
⊤ − λI)C⊤

p )).

Where Cp is a p× d matrix, defined via

Cp :=


I if p = d

(Id−1, (−1, . . . ,−1)⊤) if p = d− 1

and Id−1 denotes the (d− 1)× (d− 1) identity matrix.

Proof. Fix w ∈ Rd with components summing to 0. If ∥w∥p = 0 then the result trivially follows,
so assume ∥w∥p ̸= 0. One verifies that (w|p)Cp = w in both cases: the case p = d is trivial,
and the case p = d− 1 follows from the fact that the components of w sum to 0. Hence, for all
such w,

⟨w,w(R− λI)⟩p = ⟨wJp, w(R− λI)⟩ = wJp(R
⊤ − λI)w⊤ = (w|p)

(
CpJp(R

⊤ − λI)C⊤
p

)
(w|p)⊤

= ∥w∥2p ·
(w|p)

∥(w|p)∥
(
CpJp(R

⊤ − λI)C⊤
p

) (w|p)⊤
∥(w|p)∥

.

It therefore remains to maximise

(w|p)
∥(w|p)∥

(
CpJp(R

⊤ − λI)C⊤
p

) (w|p)⊤
∥(w|p)∥

over all w with components summing to 0. This is equivalent to maximising

v
(
CpJp(R

⊤ − λI)C⊤
p

)
v⊤

over all v ∈ Rp with ∥v∥ = 1, which equals λmax(symm(CpJp(R
⊤ − λI)C⊤

p )), the largest

eigenvalue of the symmetric part of CpJp(R
⊤ − λI)C⊤

p and the result follows. □
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Thus, for p ∈ {d, d− 1}, if

λmax

(
symm(CpJp(R

⊤ − λI)C⊤
p )
)
< 0,

One is able to use Theorem 3.2 or Theorem 3.3 to obtain rates for the convergence of Û(n)
both almost surely and in L2. In particular, we have Theorem 1.2.

Proof of Theorem 1.2. Proposition 3.6, with p = d, implies

⟨w,w(R− λI)⟩p ≤ λmax(symm((R− λI)))|w∥2p for all w ∈ Rd with
d−1∑
i=0

wi = 0.

Thus, by Remark 3.5, the premise of Corollary 3.4 is satisfied with

A := −λmax(symm((R− λI)))

with the condition that A > λ/2 coming from the assumption of the theorem.
□

Remark 3.7. If one can show that

λmax(symm(CpJp(R
⊤ − λI)C⊤

p )) < 0 for p = d or d− 1

for all tenable, irreducible generalized Pólya urns, then not only would Theorem 1.1 follow, but
one would also obtain quantitative rates for the almost sure and L2 convergence (in the case

p = d − 1, one can conclude the L2 and almost sure convergence of Û(n) to u with respect
to the standard norm from the respective convergence result with respect to ∥ · ∥d−1, as the

components of Û(n) and u sum to 1). This question remains open.

In our applications, rather than computing,

λmax

(
symm(CpJp(R

⊤ − λI)C⊤
p )
)
,

directly, we find a suitable A, satisfying condition (∗ ∗ ∗), via algebraic manipulations.

4. Proof of quantitative results on random trees.

4.1. Proof of Theorems 1.4. Following the proof of [11, Theorem 1.1], fix M ≥ 1 and define

Ui(n) :=

Xi(n) 0 ≤ i ≤ M − 1,∑
j≥m

Xj(n) i = M.

Taking notation as in Section 3, (U(n))n≥0 is a balanced (M + 1)-colour generalized Pólya urn
with replacement matrix entries Rij = −δi,j + δi+1,j + δ0,j for i ≤ M − 1 and RMj = δ0,j. The
total number of balls added at each step is λ = 1. The matrix R is irreducible (a fact we
shall not use, in addition to the fact that the urn is tenable) and, as verified in [11], the vector
u = (1/2, 1/4, . . . , 2−M , 2−M) is the unique left eigenvector of R with eigenvalue λ = 1 whose
components are positive and sum to 1; existence and uniqueness are guaranteed by Perron–
Frobenius theory. Furthermore, we have T (n) = n+ 1.
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For all i < M , we have the following,

E

[∣∣∣∣Xi(n)

n
− 1

2i+1

∣∣∣∣2
]
= E

[∣∣∣∣Xi(n)

n+ 1
− 1

2i+1
+

Xi(n)

n(n+ 1)

∣∣∣∣2
]

≤ 2E

[∣∣∣∣Ûi(n)−
1

2i+1

∣∣∣∣2
]
+ 2E

∣∣∣∣∣ Ûi(n)

n

∣∣∣∣∣
2


≤ 2E
[∥∥∥Û(n)− u

∥∥∥2
M

]
+

2

n2
,

and

P
(
∃m ≥ n

(∣∣∣∣Xi(m)

m
− 1

2i+1

∣∣∣∣ ≥ ε

))
≤ P

(
∃m ≥ n

(∣∣∣∣Ûi(m)− 1

2i+1

∣∣∣∣+
∣∣∣∣∣ Ûi(m)

m

∣∣∣∣∣ ≥ ε

))

≤ P
(
∃m ≥ n

(∣∣∣∣Ûi(m)− 1

2i+1

∣∣∣∣ ≥ ε

2

))
+ P

(
∃m ≥ n

(
Ûi(m)

m
≥ ε

2

))

≤ P
(
∃m ≥ n

(∥∥∥Û(m)− u
∥∥∥
M

≥ ε

2

))
+ P

(
∃m ≥ n

(
1

m
≥ ε

2

))
= P

(
∃m ≥ n

(∥∥∥Û(m)− u
∥∥∥
M

≥ ε

2

))
,

where the final equality holds whenever n > 2/ε and with ∥ · ∥M denotes the norm in RM as
before. Thus, to prove Theorem 1.4, it therefore suffices to bound

E
[∥∥∥Û(n)− u

∥∥∥2
M

]
and P

(
∃m ≥ n

(∥∥∥Û(m)− u
∥∥∥
M

≥ ε

2

))
.

We do this by applying Corollary 3.4. We first have the following lemma.

Lemma 4.1. For all w ∈ RM+1 with
∑M

i=0wi = 0, we have

⟨w,w(R− I)⟩M ≤ −∥w∥2M
Proof. We have (R − I)ij = −2δi,j + δi+1,j + δ0,j for i ≤ M − 1 and (R − I)Mj = δ0,j − δM,j.
Thus, we have

(w(R− I))0 =
M−1∑
i=0

(−2wiδi,0 + wiδi+1,0 + wiδ0,0) + wM = −w0 +
M∑
i=1

wi = −2w0

where we use the fact that the components of w sum to 0 to obtain the last equality. Now for
1 ≤ j ≤ M − 1 we have

(w(R− I))j =
M−1∑
i=0

(−2wiδi,j + wiδi+1,j + wiδ0,j) = −2wj + wj−1.

So we have

⟨w,w(R− I)⟩M = −2w2
0 − 2

M−1∑
j=1

w2
j +

M−1∑
j=1

wjwj−1.
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Thus, applying the AM-GM inequality, ab ≤ 1
2
(a2 + b2), to each product wjwj−1, yields,

wjwj−1 ≤
1

2
(w2

j + w2
j−1), 1 ≤ j ≤ M − 1.

Thus, we have
M∑
j=0

wjwj−1 ≤
1

2

(
w2

0 + 2
M−2∑
i=1

w2
j + w2

M−1

)
.

This implies

⟨w,w(R− I)⟩M ≤ −3

2
w2

0 −
M−2∑
j=1

w2
j −

3

2
w2

M−1 ≤ −∥w∥2M

□

Remark 4.2. In [3, Theorem 1.3], the authors obtain the asymptotic distribution of outdegrees
in a variant of the random recursive tree in which a doubling event occurs whenever the root
is selected, showing that, almost surely, the limiting outdegree distribution for this model
coincides with that of the ordinary random recursive tree, namely u. To this end, they define
U(n) analogously to this section, but for the doubling model, and show that (Û(n)) satisfies
the following stochastic approximation recurrence:

Û(n+ 1) = Û(n) + γn
(
F (Û(n)) + ∆Mn+1 + ηn+1

)
,

where (∆Mn+1) is a martingale difference sequence, (ηn+1) is an error term, (γn) is now sto-
chastic, and F (x) = x(R − λI) = x(R − I), with R and λ = 1 the replacement matrix and
balance of the random recursive tree, respectively. They then apply standard techniques from
stochastic approximation theory, such as the Robbins–Siegmund theorem [33]. To apply these
techniques, they must show, as part of their proof, that

⟨x− u, F (x)⟩ < 0 for all x ∈ S

(cf. condition (∗) in Section 3); to this end, they establish

(1) ⟨w,F (w)⟩ ≤ −2w2
0 for all w ∈ RM+1 with

M∑
i=0

wi = 0,

which suffices. This bound is not directly suitable for our purposes; however, we observe that
a refinement of the calculation used to establish (1) in the proof of [3, Theorem 1.3] yields the
‘stronger’ bound

⟨w,F (w)⟩ ≤ −1

2
∥w∥2 for all w ∈ RM+1 with

M∑
i=0

wi = 0.

However, this bound alone would not allow us to apply Corollary 3.4, since it gives only A = λ/2
rather than A > λ/2; it would allow only the application of Theorem 3.2, resulting in a worse
rate. Working instead with ⟨w,F (w)⟩M , as we do in Lemma 4.1, allows one to obtain the
sharper bounds of Corollary 3.4.

We conclude by noting that the quantitative results for stochastic approximation algorithms
discussed here are not directly applicable to the recursive tree model of [3], since the step sizes
there are stochastic. We anticipate that the methods of [26, 19] could yield quantitative results
for this model, and we leave this for future investigation.
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Now we have
M∑
j=0

R2
0j =

M∑
j=0

(−δ0,j + δ1,j + δ0,j)
2 = 1.

M∑
j=0

R2
Mj =

d−1∑
j=0

δ20,j = 1.

and, for 0 < i ≤ M − 1

M∑
j=0

R2
ij =

M∑
j=0

(−δi,j + δi+1,j + δ0,j)
2 = 3.

So, maxi≤M ∥Ri∥ =
√
3 ≤ 2. Thus, applying Corollary 3.4 with A := 1 (by Lemma 4.1; see

Remark 3.5), p = M and D := 2 yields,

E
[
∥Û(n)− u∥2M

]
≤ 9

n+ 2
and P

(
∃m ≥ n

(
∥Û(m)− u∥M ≥ ε

))
≤ 27

ε2(n+ 2)
.

Hence, for all i < M ,

E

[∣∣∣∣Xi(n)

n
− 1

2i

∣∣∣∣2
]
≤ 18

n+ 2
+

2

n2
≤ 20

n
,

and, for n > 2/ε,

P
(
∃m ≥ n

(∣∣∣∣Xi(m)

m
− 1

2i

∣∣∣∣ ≥ ε

))
≤ 108

ε2n
.

This completes the proof of Theorem 1.4 where, for a fixed i, we take M := i+ 1.

4.2. Proof of Theorem 1.6. Following the proof of Theorem 1.3 of [11], fix M ≥ 1 and define

Ui(n) :=

(i+ 1)Yi(n) 0 ≤ i ≤ m− 1,∑
j≥m

(j + 1)Yj(n) i = M,

Then (U(n))n≥0 is a balanced (M + 1)-colour generalized Pólya urn with replacement matrix
entries Rij = −(i+1)δi,j + (i+2)δi+1,j + δ0,j for i ≤ M − 1 and RMj = δ0,j + δM,j (which, as in
the recursive tree case, is irreducible and the urn is tenable). Moreover, as shown in [11], one
can verify that u, defined as

ui :=
2

(i+ 2)(i+ 3)
, for 0 ≤ i ≤ M − 1, and uM :=

2

M + 2
,

is an eigenvector, with eigenvalue λ = 2, which is the change in the number of balls at each
step of the urn. Furthermore, we have T (n) = 2n+ 1.
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For all i < M , we have

E

[∣∣∣∣Yi(n)

n
− 4

(i+ 1)(i+ 2)(i+ 3)

∣∣∣∣2
]
= E

[∣∣∣∣ 2

i+ 1

(
(i+ 1)Yi(n)

2n
− 2

(i+ 2)(i+ 3)

)∣∣∣∣2
]

= E

[∣∣∣∣ 2

i+ 1

(
(i+ 1)Yi(n)

2n+ 1
− 2

(i+ 2)(i+ 3)
+

(i+ 1)Yi(n)

2n(2n+ 1)

)∣∣∣∣2
]

= E

∣∣∣∣∣ 2

i+ 1

(
Ûi(n)−

2

(i+ 2)(i+ 3)

)
+

1

i+ 1

Ûi(n)

n

∣∣∣∣∣
2


≤ 2E

[∣∣∣∣ 2

i+ 1

(
Ûi(n)−

2

(i+ 2)(i+ 3)

)∣∣∣∣2
]
+ 2E

∣∣∣∣∣ Ûi(n)

(i+ 1)n

∣∣∣∣∣
2


≤ 8

(i+ 1)2
E
[∥∥∥Û(n)− u

∥∥∥2
M

]
+

2

(i+ 1)2n2

and

P
(
∃m ≥ n

(∣∣∣∣Yi(m)

m
− 4

(i+ 1)(i+ 2)(i+ 3)

∣∣∣∣ ≥ ε

))
≤ P

(
∃m ≥ n

(
2

i+ 1

∣∣∣∣Ûi(m)− 2

(i+ 2)(i+ 3)

∣∣∣∣+
∣∣∣∣∣ Ûi(m)

(i+ 1)m

∣∣∣∣∣ ≥ ε

))

≤ P
(
∃m ≥ n

(
2

i+ 1

∣∣∣∣Ûi(m)− 2

(i+ 2)(i+ 3)

∣∣∣∣ ≥ ε

2

))
+ P

(
∃m ≥ n

(
Ûi(m)

(i+ 1)m
≥ ε

2

))

≤ P
(
∃m ≥ n

(
2

i+ 1

∥∥∥∥Û(m)− 2

(i+ 2)(i+ 3)

∥∥∥∥
M

≥ ε

2

))
+ P

(
∃m ≥ n

(
1

m
≥ ε

2

))
= P

(
∃m ≥ n

(∥∥∥∥Û(m)− 2

(i+ 2)(i+ 3)

∥∥∥∥
M

≥ ε(i+ 1)

4

))
,

whenever n > 2/ε and with ∥ · ∥M denotes the norm in RM as before. Thus, as in the proof of
Theorem 1.4, the result will follow from computing an upper bound on both

E
[∥∥∥Û(n)− u

∥∥∥2
M

]
and P

(
∃m ≥ n

(∥∥∥Û(m)− u
∥∥∥
M

≥ ε(i+ 1)

4

))
.

We have the following lemma, akin to Lemma 4.1.

Lemma 4.3. For all w ∈ RM+1 with
∑M

i=0wi = 0, we have

⟨w,w(R− λI)⟩M ≤ −3

2
∥w∥M
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Proof. We have (R−λI)ij = −(i+3)δi,j+(i+2)δi+1,j+δ0,j for i ≤ M−1 and also (R−λI)Mj =
δ0,j − δM,j. Thus,

(w(R− λI))0 =
M−1∑
i=0

(−(i+ 3)δi,0wi + (i+ 2)δi+1,0wi + δ0,0wi) + wM

= −2w0 +
M∑
i=1

wi = −3w0

where we use the fact that the components of w sum to 0 to obtain the last equality. Now for
1 ≤ j ≤ M − 1 we have

(w(R− I))j =
M−1∑
i=0

(−(i+ 3)δi,jwi + (i+ 2)δi+1,jwi + δ0,jwi) = −(j + 3)wj + (j + 1)wj−1

and we have So we have

⟨w,w(R− λI)⟩M = −3w2
0 −

M−1∑
j=1

(j + 3)w2
j +

M−1∑
j=1

(j + 1)wjwj−1.

Applying AM-GM yields,

M−1∑
j=1

(j + 1)wjwj−1 ≤
1

2

(
2w2

0 +
M−2∑
j=1

(2j + 3)w2
j +Mw2

M−1

)
.

⟨w,w(R− λI)⟩ ≤ −3w2
0 + w2

0 +
1

2

M−2∑
j=1

(2j + 3)w2
j −

M−1∑
j=1

(j + 3)w2
j +

M

2
w2

M−1

= −2w2
0 −

3

2

M−2∑
j=1

w2
j − (M + 2)w2

M−1 +
M

2
w2

M−1

= −2w2
0 −

3

2

M−2∑
j=1

w2
j −

M + 4

2
w2

M−1.

and the result follows. □

We have

∥R0∥2 =
M∑
j=0

(−δ0j + 2δ1j + δ0j)
2 = 4, ∥RM∥2 =

M∑
j=0

(δ0j + δMj)
2 = 2,

and for 0 < i ≤ M − 1

∥Ri∥2 =
M∑
j=0

(−(i+ 1)δ0j + (i+ 2)δi+1,j + δ0j)
2

= (i+ 2)2 + (i+ 1)2 + 1

≤ 2(i+ 2)2 ≤ 2(M + 2)2.

Hence, we have maxi≤M ∥Ri∥M ≤ maxi≤M ∥Ri∥ ≤
√
2(M + 2) ≤ 2(M + 2).
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We can now apply Corollary 3.4 with A := 3/2 (by Lemma 4.3; see Remark 3.5), p = M and
D := 2(M + 2), to obtain

E
[∥∥∥Û(n)− u

∥∥∥2
M

]
≤ 4(M + 3)2

2n+ 3
and P

(
∃m ≥ n

(
∥Û(m)− u∥M > ε

))
≤ 1

ε2
· 6(M + 3)2

2n+ 3
.

Thus, for all i < M and n ≥ 1,

E

[∣∣∣∣Yi(n)

n
− 4

(i+ 1)(i+ 2)(i+ 3)

∣∣∣∣2
]
≤ 32

2n+ 3

(
M + 3

i+ 1

)2

+
2

(i+ 1)2n2
≤ 17

n

(
M + 3

i+ 1

)2

and, for n > 2/ε,

P
(
∃m ≥ n

(∣∣∣∣Yi(m)

m
− 4

(i+ 1)(i+ 2)(i+ 3)

∣∣∣∣ ≥ ε

))
≤ 48

ε2n

(
M + 3

i+ 1

)2

.

This completes the proof of Theorem 1.6 by taking M := i + 1 and noting that for all i ≥ 0,
we have (

i+ 4

i+ 1

)2

=

(
1 +

3

i+ 1

)2

≤ 16.

4.3. Proof of Theorem 1.6. Again, following Janson (cf. [11, Section 6]), we define

Ui(n) := (d− i)Zi(n).

Then (U(n))n≥0 is a balanced d-colour generalized Pólya urn with replacement matrix entries
Rij = dδ0,j − (d− i)δi,j +(d− i− 1)δi+1,j for i ≤ d− 1. Moreover, as in [11], one can verify that
u defined as

ui :=

(
2d−i−2
d−1

)(
2d−1
d

) =
d− i

d− 1

(
2d−i−2
d−2

)(
2d−1
d−1

) =
d− i

d− 1
si

is an eigenvector of R, with eigenvalue λ = d − 1, which is the change in the number of balls
at each step of the urn. Furthermore, we have T (n) = (d− 1)n+ 1.

For all i < d, we have

E

[∣∣∣∣Zi(n)

n
− si

∣∣∣∣2
]
= E

[∣∣∣∣d− 1

d− i

(
(d− i)Zi(n)

(d− 1)n
− ui

)∣∣∣∣2
]

= E

[∣∣∣∣d− 1

d− i

(
(d− i)Zi(n)

(d− 1)n+ 1
− ui +

(d− i)Zi(n)

(d− 1)n((d− 1)n+ 1)

)∣∣∣∣2
]

= E

∣∣∣∣∣d− 1

d− i

(
Ûi(n)− ui

)
+

1

d− i

Ûi(n)

n

∣∣∣∣∣
2


≤ 2E

[∣∣∣∣d− 1

d− i

(
Ûi(n)− ui

)∣∣∣∣2
]
+ 2E

∣∣∣∣∣ Ûi(n)

(d− i)n

∣∣∣∣∣
2


≤ 2 (d− 1)2 E
[∥∥∥Û(n)− u

∥∥∥2]+ 2

n2

and
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P
(
∃m ≥ n

(∣∣∣∣Zi(m)

m
− si

∣∣∣∣ ≥ ε

))
≤ P

(
∃m ≥ n

(
d− 1

d− i

∣∣∣Ûi(m)− ui

∣∣∣+ ∣∣∣∣∣ Ûi(m)

(d− i)m

∣∣∣∣∣ ≥ ε

))

≤ P
(
∃m ≥ n

(
d− 1

d− i

∣∣∣Ûi(m)− ui

∣∣∣ ≥ ε

2

))
+ P

(
∃m ≥ n

(
Ûi(m)

(d− i)m
≥ ε

2

))

≤ P
(
∃m ≥ n

(
(d− 1)

∥∥∥Û(m)− u
∥∥∥ ≥ ε

2

))
+ P

(
∃m ≥ n

(
1

m
≥ ε

2

))
= P

(
∃m ≥ n

(∥∥∥Û(m)− u
∥∥∥ ≥ ε

2(d− 1)

))
,

whenever n > 2/ε. Thus, the result will follow from computing an upper bound on both

E
[∥∥∥Û(n)− u

∥∥∥2] and P
(
∃m ≥ n

(∥∥∥Û(m)− u
∥∥∥ ≥ ε

2(d− 1)

))
.

We have the following lemma.

Lemma 4.4. For all w ∈ Rd with
∑d−1

i=0 wi = 0, we have

⟨w,w(R− λI)⟩ ≤ −2d− 1

2
∥w∥

Proof. We have

(R− λI)ij = −(2d− i− 1)δi,j + (d− i− 1)δi+1,j + dδ0,j.

Thus, we have

(w(R− λI))0 =
d−1∑
i=0

(−(2d− i− 1)δi,0wi + (d− i− 1)δi+1,0wi + dδ0,0wi)

= −(2d− 1)w0 + d
d−1∑
i=0

wi = −(2d− 1)w0

where we use the fact that the components of w sum to 0 to obtain the last equality. Now for
1 ≤ j ≤ d− 1 we have

(w(R−I))j =
d−1∑
i=0

(−(2d−i−1)δi,jwi+(d−i−1)δi+1,jwi+dδ0,jwi) = −(2d−j−1)wj+(d−j)wj−1

So we have

⟨w,w(R− λI)⟩ = −(2d− 1)w2
0 −

d−1∑
j=1

(2d− j − 1)w2
j +

d−1∑
j=1

(d− j)wjwj−1.

Now applying AM-GM, yields

d−1∑
j=1

(d− j)wjwj−1 ≤
1

2

(
(d− 1)w2

0 +
d−1∑
j=1

(2d− 2j − 1)w2
j

)
.
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Thus,

⟨w,w(R− λI)⟩ ≤ −(2d− 1)w2
0 +

d− 1

2
w2

0 −
d−1∑
j=1

(2d− j − 1)w2
j +

d−1∑
j=1

2d− 2j − 1

2
w2

j

= −3d− 1

2
w2

0 −
d−1∑
j=1

2d− 1

2
w2

j ≤ −2d− 1

2
∥w∥

and the result follows. □

We have

∥R0∥2 =
d−1∑
j=0

(dδ0,j − dδ0,j + (d− 1)δ1,j)
2 = (d− 1)2

and for 0 < i ≤ d− 1

∥Ri∥2 =
d−1∑
j=0

(dδ0,j − (d− i)δi,j + (d− i− 1)δi+1,j)
2

= d2 + (d− i)2 + (d− i− 1)2

≤ 3d2.

Hence, we have maxi≤d−1 ∥Ri∥ ≤ maxi≤d−1 ∥Ri∥ ≤
√
3d ≤ 2d.

We can now apply Corollary 3.4 with A := (2d− 1)/2 (it is clear that A > λ/2 = (d− 1)/2),
p = d and D := 2d, to obtain,

E
[∥∥∥Û(n)− u

∥∥∥2] ≤ (3d− 1)2

d((d− 1)n+ d)

and

P
(
∃m ≥ n

(
∥Û(m)− u∥ > ε

))
≤ (3d− 1)3

ε2d(d− 1)
· 1

(d− 1)n+ d
.

Thus, for all i < d and n ≥ 1,

E

[∣∣∣∣Zi(n)

n
− si

∣∣∣∣2
]
≤ 2(d− 1)2(3d− 1)2

d((d− 1)n+ d)
+

2

n2
≤ 2(3d− 1)2

n
+

2

n2
≤ 19d2

n

and, for n > 2/ε,

P
(
∃m ≥ n

(∣∣∣∣Zi(m)

m
− si

∣∣∣∣ ≥ ε

))
≤ 4(3d− 1)3(d− 1)2

ε2d(d− 1)
· 1

(d− 1)n+ d
≤ 12(3d− 1)2

ε2n
≤ 108d2

ε2n
.

For the case i = d, we have

E

[∣∣∣∣Zd(n)

n
− sd

∣∣∣∣2
]
= E

∣∣∣∣∣
d−1∑
i=0

Zi(n)

n
− si

∣∣∣∣∣
2
 ≤ d

d−1∑
i=0

E

[∣∣∣∣Zi(n)

n
− si

∣∣∣∣2
]
≤ 19d4

n
.
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The first equality follows from the fact that both the sum of Zi(n)/n and si for 0 ≤ i ≤ d are
equal to 1. The penultimate inequality follows from Cauchy-Schwarz. Furthermore, we have

P
(
∃m ≥ n

(∣∣∣∣Zd(m)

m
− sd

∣∣∣∣ ≥ ε

))
= P

(
∃m ≥ n

(∣∣∣∣∣
d−1∑
i=0

Zi(n)

n
− si

∣∣∣∣∣ ≥ ε

))

≤
d−1∑
i=0

P
(
∃m ≥ n

(∣∣∣∣Zi(n)

n
− si

∣∣∣∣ ≥ ε

d

))
≤ 108d5

ε2n
.

This concludes the proof.
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[7] F. Eggenberger and G. Pólya. Über die statistik verketteter vorgänge. ZAMM-Journal of Applied Mathe-
matics and Mechanics/Zeitschrift für Angewandte Mathematik und Mechanik, 3(4):279–289, 1923.

[8] J.A. Fill. Convergence rates related to the strong law of large numbers. The Annals of Probability, 11(1):123
– 142, 1983.

[9] B. Friedman. A simple urn model. Comm. Pure Appl. Math., 2:59–70, 1949.
[10] S. Janson. Functional limit theorems for multitype branching processes and generalized pólya urns. Sto-
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