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ABSTRACT. We extend the proof-theoretic treatment of uniform bound extraction from normed struc-
tures axiomatized in positive bounded logic [Advances in Mathematics, 290:503-551, 2016] (as devel-
oped for the model theory of Banach spaces) to the more general setting of abstract metric structures,
including discrete structures viewed as classical first-order models. In particular, we establish uniform
bound extraction theorems for our generalized framework for V3-sentences whose matrix is the negation
of (an embedding of) a formula in positive bounded logic, whose proofs use saturation. In this way,
we provide a formal explanation for the successes in the extraction of uniform bounds from nonstan-
dard proofs given in [Advances in Mathematics, 343:567-623, 2019], which had informally followed the
perspective of the monotone functional interpretation. As an application of the formal framework we
develop, we provide novel explicit bounds for a structural theorem for stable subsets of groups given
in [Mathematical Proceedings of the Cambridge Philosophical Society, 168(2):405-413, 2020].

Keywords: proof mining, positive bounded logic, ultraproducts, saturation, stable sets, dominated

convergence
MSC2020 Classification: 03F10, 03F35, 03C45, 03C20, 11B30, 20D60, 28A20

1. INTRODUCTION

During the last decades a novel applied form of proof theory has emerged which, often under the
label of ‘proof mining’, utilizes proof-theoretic transformations in the spirit of Gédel’s functional (‘Di-
alectica’) interpretation to extract effective uniform bounds from proofs in many areas of analysis
([20, 21]): nonlinear analysis, fixed point theory, ergodic theory, nonsmooth optimization, PDE the-
ory and, more recently (see e.g. [27, 28]), probability theory. While this program started around 1990
([16]), a main new development began with the introduction of abstract metric and normed spaces as
a kind of atoms (‘base types’) to the formal systems used which allowed one to obtain bounds which
were uniform in a way which in some cases was new even qualitatively ([18, 9]). Already in [18], the
first author pointed to some similarities between this proof-theoretic approach to uniform bounds and
the role of ‘uniform L-structures’ and their ultrapowers in the context of the model theory of Banach
spaces as developed in [14]. For instance structures similar to those featured in the model-theoretic
approach are also central in the proof-theoretic metatheorems from [18, 9] and the assumption of the
boundedness (on bounded sets) for all function symbols with some common modulus is a particular
case of a uniformly majorized class of objects with majorizability being a key property in the proof-
theoretic context. The assumption of equicontinuity of all the function symbols made in [14] has the
proof-theoretic consequence that the full extensionality property of these functions becomes derivable.
This is convenient but not mandatory in the proof-theoretic framework, where one frequently deals
with situations where the functions in question are discontinuous (which then allows only for some
restricted use of extensionality which, however, usually is all what is used in given proofs). A striking
difference between the model-theoretic versus the proof-theoretic approach to uniform bounds is that
in the former framework the uniformity is established by extending a given structure to a large ultra-
power, whereas in the proof-theoretic framework it is a consequence of the fact that a given proof can
only make uniform queries about the objects from the metric structure by majorizable functionals (as
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all terms which occur in the proof analysis are majorizable), i.e. the reasoning takes place in some
small term model.

The theme of elaborating on connections between the two paradigms was taken up more systemat-
ically in [11]. That paper established that all normed structures which are axiomatizable in positive
bounded logic admit proof-theoretic uniform bound extraction metatheorems (as in [18, 9]). E.g. this
was used to establish such metatheorems for abstract C(K)- and LP-spaces as well as for BLPL9-
Banach lattices. Furthermore, the proof-theoretically tame nonstandard uniform bounded principle
introduced in [19] could be seen to a certain extent as a constructive substitute for the (noneffective)
use of ultramethods made in the model-theoretic context as well as for the use of ultrapowers of Ba-
nach spaces made in functional analysis.

While already [18, 9] not only treat normed structures but also arbitrary metric spaces (as well as
several intermediate classes of geodesic spaces), the specific connection to model theory as investigated
in [11] only considered normed structures as only those were covered in [14].

On the logical side, our current paper

e extends [11] to treat the case of abstract metric spaces axiomatized in positive bounded logic
[2, 8]. In particular, this subsumes first-order logic by viewing classical structures as discrete
metric spaces, thereby giving access to theories from algebra as well as hybrid structures with
both discrete and continuous parts, such as measure constructions on groups;

e generalizes the uniform boundedness principles studied in [11] to a proof-theoretic treatment
of saturation;

e establishes uniform bound extraction theorems for our generalized framework for V3-sentences
whose matrix is the negation of (an embedding of) a formula in positive bounded logic rather
than only a InN-formula.

While the results from [11] carry over more or less directly to metric structures provided that the met-
ric spaces have enough intermediate points (which e.g. is the case for the hyperbolic spaces treated
already in [18, 9]), to include also discrete metric spaces requires some important changes, e.g., similar
to [8], one has to replace closed balls by open balls in the definition of approximate satisfiability for uni-
versal quantifiers, thereby restricting the class of positive bounded formulas. In our framework we have
to replace the extensional retraction function used in [11] to restrict quantification to bounded balls
by an intensional one (which, moreover, avoids the need of an extensionality assumption made in [11]).

With respect to applications to mathematics we use our extended framework to

e generalize a structural result for stable subsets of finite groups which was obtained using
ultra-methods in [7] and extract explicit effective bounds for this theorem;

e interpret the proof-theoretic extraction of a bound for the Avigad-Dean-Rute-Tao meta-
stable dominated convergence theorem from [1] as an instance of our new logical metatheorem
thereby complementing results in [28].

1.1. Organisation of the paper and summary of main results. We now provide further details
and context for the main contributions of this paper.

1.1.1. A proof-theoretic treatment of the model-theoretic approach to uniform bounds. In [2], it is
shown that model-theoretic and ultraproduct-based techniques can be used to establish qualitative
uniformity results corresponding to the quantitative ones extracted proof-theoretically. At the core of
the model-theoretic approach is the following uniformity principle.

Theorem 1.1 (Uniformity principle). Let L be a first-order signature, let # be a family of L-
structures, for each n € N let @, be an L-formula. If, for every L-structure M that is an ultraproduct



LOGICAL METATHEOREMS FOR ABSTRACT SPACES IN POSITIVE BOUNDED LOGIC II 3

of structures in M with respect to a non-principal ultrafilter,
IneN (M E py),

then
INeNVMe #Z In < N (M E ¢,).

An immediate consequence of this theorem is one in which the first order formulas you consider
take parameters, which are not necessarily from the language L, but can be from an arbitrary set.

Theorem 1.2 (Uniformity principle with parameters). Let L be a first-order signature, let .4 be
a family of L-structures, let X be an arbitrary set, and for each x € X and n € N let ¢, , be an
L-formula. If, for every L-structure M that is an ultraproduct of structures in A with respect to a
non-principal ultrafilter,
Vee X Ine N (M kE @),
then
Vee XANeNVMe # In < N (M ¢opp).

In other words, if one can show that every ultraproduct of structures in a given family satisfies a
V3 statement, then one obtains a bound on the existential witness that is uniform across the entire
family. An analogous result holds in the context of positive bounded logic and metric structures; for
simplicity, we have stated only the first-order (discrete) case above.

Although the uniformity principle is strikingly general, its typical application to establish uniform
bounds in concrete mathematics has a much more specific character. In practice:

(1) The parameter set X is concrete, and it is sensible to talk about computable functions taking
values in N on X. Typically X is N or NV,

(2) The assignment (z,n) — @z, is not arbitrary and can be formalised in some (higher-order)
formal system.

(3) The structures in .# are all models of a fixed theory T.

(4) The only property of ultraproducts used to establish the premise of the uniformity principle,
if any, is countable saturation.

Thus, in typical applications, the uniformity principle is invoked after proving a V3 theorem from
the axioms of some fixed theory together with countable saturation. Given that both X and the
assignment (z,n) — ¢z, are concrete, as described in conditions (1)—(4), in typical applications, two
natural questions arise:

(i) Can one extract an explicit function f: X — N realising the bound N?
(ii) Can one bound the complexity of such a function?

The proof of the uniformity principle is a straightforward application of Lo$’s theorem, but its non-
constructive character makes it unclear how questions (i) and (ii) can be addressed for typical results
obtained through it. Simmons and Towsner [32] observed, however, that in many applications in
algebra, one could bypass the uniformity principle entirely and instead directly analyse the proofs of
the V3 theorems that appeal to it, following the proof mining perspective via the monotone functional
interpretation developed by the first author [20]. This approach enabled the authors of [32] to obtain
explicit quantitative results for theorems in polynomial and differential polynomial ring theory (from
[40] and [12]) that had previously been established through the uniformity principle.

We show that, although the model-theoretic approach is very general, its typical application, as
described in conditions (1)—(4) above, can be treated proof-theoretically, via our formal approach of
treating abstract metric spaces axiomatised in positive bounded logic and corresponding metatheorem,
and in particular allows one to address questions (i) and (ii). Our proof-theoretic treatment of the
uniformity principle is set in the context of metric structures axiomatised by positive bounded logic.
For simplicity, we describe the first-order (discrete) structures: For a first-order signature L and an
L-theory T, we construct a formal system A“[L, 7] (extending a weakly extensional variant of Peano
arithmetic in all finite types) and through an appropriate embedding of first-order formulas (and, more
generally, positive bounded formulas) into these higher-type system, A“[L, T] contains the axioms of
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T; furthermore, many instances of saturation can be formalised within this system via a schema we
call Sat.

These developments culminate in our main result: a proof-theoretic analogue of the uniformity
principle. Informally, it asserts the following. Let ©(x, n) be a suitable formalisation of a parameterised
formula, corresponding to ¢, , above; in line with condition (2), we assume the assignment (x,n) —
z.n is concrete enough to be captured within the formal system via ©(z,n). In line with condition (1),
we take X = N for this exposition (in the full theorem, = ranges over a class of well-behaved higher
types). Suppose that

A®[L,T]+ Sat + Vz In O(x,n).

Then, from the proof, one can extract a total computable function ®: N — N (computable by bar
recursion) such that the following holds in every non-trivial model of 7 for all z,x2* € N, if z* > «x,
then

In < ®(z*) O(z,n).

Section 2 introduces the model-theoretic background. We begin in Section 2.1 with an introduction to
positive bounded logic and a proof of the uniformity principle. The remainder of Section 2 is devoted
to two applications of the uniformity principle that are amenable to our formal perspective and bound
extraction theorem, which we present in Section 3.

First application: stable subsets of groups. The first application, developed in Section 2.3, comes from
group theory. Let (G, -, e) be a group and k > 1. A subset A € G is said to have the k-order property
if there exist elements aq,...,a; and by, ..., b in G such that

Vi,jék(ai'bjeAHi<j).

A is k-stable if it does not have the k-order property, and stable if it is k-stable for some k > 1.

In [7], Conant established the following structural result for stable subsets of finite groups, gen-
eralising earlier work of Terry and Wolf [38]. Unlike Terry—Wolf, Conant’s proof proceeds via an
ultraproduct argument and yields no effective bounds.!

Theorem 1.3 (cf. Theorem 1.3 of [7]). Fork > 1 and e > 0, there exists n = n(k,e) with the following
property. If G is a finite group and A € G is k-stable, then there exist a subgroup H < G of index at
most n and a subset Y < G that is a union of cosets of H, such that |AANY| < e|H].

A similar noneffective argument in [7] yields the following strengthening.

Theorem 1.4 (cf. Remark 3.2 of [7]). For k > 1 and f : N — N, there exists n = n(k, f) with the
following property. If G is a finite group and A S G is k-stable, then there exist a subgroup H < G of
index at most n and a subset Y € G that is a union of cosets of H, such that |A AY| < 2-/M|G].

Applying the uniformity principle for positive bounded logic, we obtain the following strengthening
of Theorem 1.4, which passes from finite groups to groups equipped with a bi-invariant finitely additive
probability measure.

Theorem 1.5. For k > 1 and f : N x N — N, there exist n = n(k, f) and M = M(k, f) with the
following property. Let G be a group, A = G a k-stable subset, F a bi-invariant Boolean algebra on G

containing A, and p a bi-invariant finitely additive probability measure on F. Then there exist m < M
and H € F such that

Stab;, (A) = H = Stab,,,(A), H <G, [G: H|] <n,
and there exists a subset Y < G that is a union of cosets of H, such that u(AAY') < 2= F(nm) “where
Staby, (A) :={g€ G| n(Ag A A) < 27™} and Stab,,(A) :={ge G | u(Ag A A) <27™}.

1Terry and Wolf were able to give explicit bounds for their version of Theorem 1.3.
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Our proof of Theorem 1.5 is inspired by the quantitative finitary arguments of Conant [5], who
obtained explicit bounds for Theorem 1.3. Following the formal perspective of Section 3, we extract
explicit bounds for Theorem 1.5 in Section 4. We stress that, although the formal perspective of
Section 3 was instrumental in guiding the quantitative arguments, the proofs and lemmas in Sec-
tion 4 make no reference to proof theory or model theory, and that section can be read as a purely
mathematical result independently of Section 3.

Second application: the metastable dominated convergence theorem. The second application, developed
in Section 2.4, comes from probability theory. Recall the Lebesgue dominated convergence theorem
for doubly indexed sequences.

Theorem 1.6. Let (0, F, u) be a probability space and let fnpm: Q — [0,1] be measurable for each
n,m e N. If limy, o fom(w) =0 for almost every w e Q, then limy, m—o0 SQ famdp = 0.

In [37], Tao studied quantitative forms of this result. The most natural quantitative interpretation
of convergence for a doubly indexed sequence {z,.,} is a rate of convergence, namely a function
¢ : Q" — N satisfying

Vee QT Vi, j = ¢(e) (|ziy] <€)

For many convergence theorems in analysis, however, no uniform rate of convergence exists. A well-
known example is the monotone convergence theorem: monotone sequences in [0, 1] can converge
arbitrarily slowly, and this obstruction persists even for computable sequences of rationals [34]. In
such situations, one can often obtain uniform bounds on the equivalent metastable reformulation:

(1) Vee Q" Vg : N —> NInVi,je [n;n+ g(n)] (|zi;| <e).
A rate of metastability is a functional ® bounding n in (1):
Vee Q*Vg: N - Nin < ®(e,9) Vi, j € [n; n+ g(n)] (|z: ] <e).

The term metastability originates with Tao [36]. Rates of metastability were computed earlier by the
first author [17, 22] using tools from proof theory, prior to Tao coining the term (see the survey [21]
for a historical account of metastability and the proof-mining programme as of 2018). From a logical
standpoint, metastability (1) is the Herbrand normal form of convergence, and a rate of metastability
provides a solution to Kreisel’s no-counterexample interpretation of the convergence statement [23, 24].
Logical metatheorems of the kind presented in this paper guarantee the extractibility of uniform rates
of metastability for large classes of proofs.

Tao showed that rates of metastability for the convergence of the integrals in the dominated conver-
gence theorem exist and depend only on a suitable quantitative reading of the almost sure convergence
of the integrands, namely a functional ¥ satisfying

VeeQtVg:N—N (,u({w €| In < U(e,g)Vi,j € [n;n+ g(n)] (fis(w) <e)}) = 1).

Avigad, Dean, and Rute [1] subsequently extended Tao’s result in two directions: they weakened the
quantitative assumption on almost sure convergence, and they gave an explicit construction of the
functional transforming the quantitative premise into a rate of metastability for the integrals.

Theorem 1.7 (Avigad—Dean—Rute-Tao metastable dominated convergence theorem). For every func-
tional U: QT x QT x NN — N there exists a functional ®: QT x NN — N such that the following holds.
Let (2, F, 1) be a probability space and fy m: @ — [0, 1] measurable for each n,m e N. If

VE,A€@+V9:N—>N<M({weQ | In < W(e, A, g) Vi, j € [n; n+ g(n)] (fij(w) <e)}) > 1—)\>,

then ® is a rate of metastability for {SQ frnm d,u}, i.€.

Vee QtVg:N - Nin < ®(e,g)Vi,j € [n;n+g(n)] (U fij d,u‘ < 5).
Q
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Remark 1.8. A functional U: QT x Q* x N¥ — N satisfying the premise above is called a rate of
pointwise metastable convergence; possessing such a rate is equivalent to almost sure convergence (cf.

Theorem 3.2 of [29]).

In [8], essentially an application of the uniformity principle for positive bounded logic yields a weaker
version of Theorem 1.7, under the stronger assumption that the rate of metastability is uniform across
the entire sample space, i.e. that there exists ® satisfying

Vee Q" Vg: N - NVwe Qan < ®(e,g) Vi, j € [n; n+ g(n)] (fijw) <e).

We show in Section 2.4 that the full Theorem 1.7 follows from the uniformity principle for positive
bounded logic. The main challenge is to formalise the assumption of pointwise metastable convergence
in positive bounded logic. To do this, we crucially utilise the outer measure approach from the proof-
theoretic work of the second author, Oliva, and Pischke [27].

We finish by noting that the extraction of explicit bounds for Theorem 1.7 was carried out in [1]
via proof-theoretically motivated methods. A formal explanation for the success of that extraction
was given by the second author and Pischke in [28], and instantiating the metatheorem of Section 3
in this context recovers this result.

2. MODEL THEORY FOR METRIC STRUCTURES

2.1. Henson structures and positive bounded logic. Following [8] closely, we start by recalling
the relevant parts of the theory of Henson structures.

Definition 2.1 (cf. Definition 6.1 and Definition 6.2 of [8]). A Henson signature is a many-sorted
signature consisting of the followings:

e A family (s|s € S) of sorts, together with a distinguished element sg € S.
e A family of function symbols f including:
— Binary functional symbol ds with domain s x s and range sg for each sort s € S.
— Constant symbol ag of sort s for each s € S.
— Constant symbol r of sort sg for each rational number 7.
— Constant symbols +g, —Rr, ‘R, VR, AR : SR X SR — Sg and |- | : sg — sgr representing addi-
tion, subtraction, multiplication, maximum, minimum, and absolute value, respectively.
Fixing a Henson signature L, a Henson structure M is a L-structure such that

e sM is a pointed metric space M* where d is the metric and a*! is the anchor point of M?.

° sﬁ’l is the set R of real numbers, equipped with the standard metric and 0 as the anchor point.
Each ™ is the underlying rational number r (hence we omit the difference between constant
symbol r and the underlying rational r).

o fMis a function M5! x --- x M5 — M®° that is locally uniformly continuous and bounded
with respect to the metrics.

For a Henson signature L, the L-terms are defined in the same way as in first-order logic. We now
introduce the syntax of Henson structures.

Definition 2.2 (cf. Definition 6.13 and Definition 6.15 of [8]). A positive bounded L-formula is con-
structed by the following rules:

e If ¢ is a term of sort sg (real-valued term) and r is a rational constant, then
t<r and r<t

are positive bounded L-formulas.
e If  and 1 are positive bounded L-formulas, then

(pAt) and (o v )

are positive bounded L-formulas.
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o If p is a positive bounded L-formulas, r is a rational number, and x is a variable, then
(Vrzp) and  (Frxp)

are positive bounded L-formulas.

As in the first order case, we call a positive bounded L- formula without free variables a sentence and
a L-theory is a collection of sentences.

Definition 2.3 (cf. Definition 6.16 and Definition 6.18 of [8]). Let M be a L-Henson structure and

o(r1,...,2,) be a positive bounded formulas with free variables x; of sort s;. For arbitrary aq,...,a,
such that a; is an element of M5, we define the discrete satisfaction relation M = plai,...,a,]
inductively?:

e If ¢ is of the form ¢t < r (or r < t), then M = ¢|ai,...,a,] if and only if
tMlar,...,an] <7
(or r < tM[ay, ... an)).
e If v is of the form ¥; A 9 (or ¥1 v 12), then M = ¢lay, ..., ay] if and only if
M Efa,...,a,] and M Eslay, ..., a,]
(or  MEial,...,an] or M Eslal,...,a)).
e If ¢ is of the form V,zv with z of sort s, then M = ¢[ay,...,ay] if and only if
M EYla,aq,...,ay] for all a € Byys(r)

where Bjys(r) denotes the open ball around the anchor point in M*# of radius r.
e If v is of the form 3,21 with z of sort s, then M |= ¢laq,...,a,] if and only if

M = ¢la,aq,. .., a,] for some a € Bys[r]

where Bjys[r] denotes the closed ball around the anchor point in M*® of radius r.

Given a positive bounded formula ¢, we define the approzimation of p, written as ¢ <4 o,
inductively on the complexity of ¢:

% Approximations of ¢
r<t r’ <t where v’ <r
t<r t <1’ where v’ > r
01 A P2 o Ay where ) approximates ¢;
©1 VP2 ¢} v 5 where ¢} approximates ¢;
Yrxp V2@’ where ' < r and ¢ approximates ¢
drxp 3,2¢" where 7' > r and ¢ approximates .
We say M approzimately satisfies pla, . .., an], denoted as M =4 plaq, ..., a,], if M | ¢'[a1,. .., an]
for every approximation ¢’ of ¢. Given ¢(x1,...,x,) a set of positive bounded formulas with free vari-
able 1, ..., z, and M a Henson structure, we say p(x1,...,x,) is discretely satisfiable in M if there

exists aq,...,a, in M such that M = ¢laq,...,a,] and p(z1,...,x,) is approximately satisfiable in
Mif M =4 plag, ..., an).

Remark 2.4. We note the crucial difference in the semantics of bounded quantification between the
normed and metric cases. Unlike the metric case, the semantics of both bounded existential and
universal quantification in the normed setting [14] is taken over closed balls. Although this difference
restricts the set of formulas that can be expressed in positive bounded logic in the metric setting (in
the normed space setting, one can express bounded universal quantification over open balls in positive
bounded logic, but in the metric setting, one cannot express universal quantification over closed balls),

2Note that officially the elements a; of M?® are not plugged into the formula ¢[ai,...,as], but names a1, ...d, for
them.
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this restriction is a requirement to develop a sensible model theory on metric structures. However, as
noted in [14], both choices of semantics work in the normed setting.

It is clear that discrete satisfaction implies approximate satisfaction.

Definition 2.5 (cf. Definition 6.22 of [8]). Given I a set of positive bounded formulas, we write I'"
to denote the set of all approximations of formulas in I'. Given I' a collection of positive bounded
formulas, we call I' a positive bounded L-theory if T consists of only positive bounded sentences, namely
formulas positive bounded with no free variables. Given an L-structure M and an L-theory T', we say
that M is a (approxzimate) model of T, denoted as M =4 T, if M =4 ¢ for every ¢ in T. Given an
L-structure M, we write Th4(M) for the set of positive bounded sentences that are approximately
satisfied by M. Given a Henson L-theory T, we use Mod 4(7T") to denote the class of all approximate
models of T'. For Henson L-structures M and N , we say M and N are (approzimately) elementarily
equivalent, written M =4 N, if Thgq(M) = Thy(N). In the discrete context, we also have the
corresponding notions M = I', Th(M), Mod(T'), and = by replacing approximate satisfaction in the
definitions with discrete satisfaction. In the remainder of this article, we will assume the approximate
versions unless otherwise specified. When needed, we will emphasize the discrete versions explicitly.

Remark 2.6. Positive bounded logic is usually referred to as the positive and bounded fragment of
first-order logic by viewing Henson structures as first-order structures and bounded quantifications as

Vexp = VYa(d(xz,a) <r — ¢) and J,zp := Jx(d(xz,a) <7 A @)

In this paper, we instead adopt another convention by interpreting first-order logic as the discrete
part of positive bounded logic. Namely, first-order structures are interpreted as Henson structures
endowed with the discrete metric. Formulas in first-order logic are treated as formulas in positive
bounded logic by viewing

o Vap = Yoxp and Jxp 1= Jazp.

e First-order predicates are identified with their indicator function with value < % In particular,
z=y:=d(z,y) < 3.

e — is defined using De Morgan’s rules and passed down to the predicate level. The negation
of a predicate is the positive bounded formula expressing the indicator function > % In
particular, —(z = y) := d(z,y) > 1.

Our model-theoretic and proof-theoretic treatments of positive bounded logic in this paper thus extend
naturally to first-order logic for discrete structures by the above interpretation.

Definition 2.7 (cf. Definition 6.6 and Definition 6.22 of [8]). Given a Henson signature L, a collection
%€ of Henson L-structures is called a uniform class if for every function symbol f :s1 X -+ x 8, = So
in L and every r > 0, the following two conditions hold:

(1) (Equiboundedness on bounded sets) There exists Q¢, € [0,00) such that for every M in €,

T e BM(S1)(T) X X BM(Sn)(T) - fM € BM(50>(Qf,T’)'

In other words, €, is a bound uniform over ¢ for f on domains bounded by 7.
(2) (Equicontinuity on bounded sets) There exists Ay, : (0,00) — (0,00) such that for every M
in ¢ and z,y in B ) (1) X -+ X By (1),

Ao (Ty) < Apr(e) = A (M), M) <e

Ay, is a modulus of uniform continuity, which is uniform over ¢, for f on domains bounded
by r.
We say an L-theory T is uniform if Mod4(T) is a uniform class.

We have the compactness theorem for positive bounded formulas.

Theorem 2.8 (cf. Theorem 6.31 of [8]). Let L be a Henson signature, € be a uniform class of Henson
L-structures and let T be an L-theory. If every finite subset of Tt has a discrete model in €, then T
has a model in €.
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An important application of the compactness theorem is the following uniformity principle:

Theorem 2.9. Let L be a Henson signature, T' a uniform L-theory, X an arbitrary set, and ¢, a
positive bounded L-sentence for all x € X and n € N. Suppose for all M }=4T, we have that:

for all x € X there exists n € N such that M ¥4 ©gpn.
Then for all x € X there exists N € N such that for all M =4 T there ezists n < N such that

M '?EA Pxmn-

Proof. Suppose, for contradiction, that the conclusion of the theorem was false. Then we have some
z € X such that for each N € N there exist My =4 T such that for all n < N we have

MN ):.A Pzx.n-

Consider the theory I' := {¢; »|n € N}. We show that I' has a model in Mod 4(7") which will contradict
the premise of the theorem and we are done. By the compactness theorem (Theorem 2.8), it suffices
to show that {¢}, ..., ¢}, } has a discrete model in Mod4(T) for each k,ni,...,n; € N, and
Oni EA P Take N := max;<xn; and we consider My, which is a discrete model in Mod 4(7T).
For all n < N, we have that My =4 ¢z, and the result follows, since for each n; and gogwi, we have

O
Theorem 2.9 was already established in [8] in the context of metastable convergence and called the
Uniform Metastability Principle by the authors (cf. Proposition 2.4 of [8]).

We actually have a strengthening of Theorem 2.9, where the premise of the theorem doesn’t have
to hold for all models of T', but a special subset of models.

Definition 2.10. Let L be a Henson signature. A class of Henson L-structures % is called relatively
consistent if for every uniform L-theory T', we have

Mod4(T) # & — Moda(T) n € # &.
We have the following strengthening of Theorem 2.9.

Theorem 2.11. Let L be a Henson signature, T a uniform L-theory, € a relatively consistent class
of Henson L-structures, X an arbitrary set, and ¢, a positive bounded L-sentence for all x € X and
n € N. Suppose for all M =4 T in €, we have that:

for all x € X there exists n € N such that M ¥4 ©gn.
Then for all x € X there exists N € N such that for all M =4 T there exists n < N such that
M 4 Pr.n-

Proof. We argue by contradiction. Following the exact proof of Theorem 2.9, we have that for some
z, {¢@zn|n € N} has a model in Mod 4(T"). So, the fact that & is relatively consistent implies there
is a structure in ¢ that is a model of T' U {¢, n|n € N}, which contradicts the assumption of the
theorem. ]

The most important relatively consistent class is that of saturated models.

Definition 2.12 (cf. Definition 6.45 of [8] and the comment before Proposition 6.46 in [8]). Given
M a Henson L-structure and x < |[M]| an infinite cardinal, we say M is k-saturated if whenever C
is a subset of the universe of M of cardinality < s and I'(z1,...,%,) is a set of positive bounded
L(C)-formulas?, if there exists  such that for any finite A € T

(M,C) Ea Frxr ... Fry /\ (1,0 x)
pEA

3We write L(C) for the Henson signature which extends L with fresh constant symbols for each element in C. We
interpret the new constants coming from C', semantically, as the corresponding element in C.
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then there exists ¢y, ..., ¢, in the universe of M such that

(M,C) =a p(cr,y ... np)
for all p € I'. We say M is countably saturated if M is Nj-saturated.

Theorem 2.13 (cf. Theorem 6.47 of [8]). Let L be a Henson signature and M a countably satu-
rated Henson L-structure. For all positive bounded L-formula ¢(x1, ..., xy,) and elements ay, ..., a, of
suitable sorts, we have:

M s plal,...,an] & M Eplai,. .., ap].

Remark 2.14. If one takes the semantics for bounded quantification to be as that of the normed case, cf.
Remark 2.4, then Theorem 2.13 fails, since if we consider N with the discrete metric d(z,y) := |z —y|,
then it is clear that

Vn < 1(d(x,0) =0)
is false, but for all e > 0 and r < 1

Vn < r(d(z,0) <e)
is true. In the normed space case, one must crucially use the uniform continuity of the function
symbols, as well as the fact that norm spaces have ‘intermediate points’, which is not the case for
general metric spaces. We note here, however, that for metric spaces, with ‘intermediate points’, such
as geodesic spaces, one can argue as in the normed space case and obtain Theorem 2.13 for the more
liberal semantics of bounded universal quantification.

Theorem 2.15 (Existence of Saturated Models). Let L be a Henson signature and k be an infinite
cardinal. The class of all k-saturated Henson L-structures is relatively consistent.

Proof. The result is immediate from Proposition 6.48 of [8]. O

We now have the following uniformity principle from which many uses of the ultraproduct to show
the existence of uniform bounds follow:

Corollary 2.16. Let L be a Henson signature, 1" a uniform L-theory, sk an infinite cardinal, X an
arbitrary set, and ¢;, a positive bounded L-sentence for all x € X and n € N. Suppose for all
k-saturated models M € Mod(T'), we have that:

for all x € X there exists n € N such that M ¥ ¢, .
Then for all z € X there exists N € N such that for all M € Mod(T') there exists n < N such that

M FEA Pz

Proof. The result then follows from Theorems 2.15 and 2.11, with the weakening of the premise from
H 4 to F is justified by Theorem 2.13. O

2.2. Loeb structures. Since both our applications, Theorems 1.5 and 1.7, concern probability mea-
sures, we need to introduce so-called pre-Loeb structures [8]. These are Henson structures containing
finitely additive probability measures.

Definition 2.17 (cf. Definition 3.1 of [8]). The signature for Loeb structures, denoted by L, is a
Henson signature with sorts
S = {sgr, Q, F},

where (2 is interpreted as a set and F as a Boolean algebra of subsets of 2. Since £ is a Henson
signature, it comes equipped with the following function symbols:

® dy, : SR X Sg — SR, do : 2 x Q — sg, and df : F x F — R representing metrics on the

respective sorts.
e wqg: ), and J : F representing anchor points on the respective spaces.
In addition, we introduce the following symbols:
e c: ) x F — sg representing the element relation.
o U F x F — F representing union.



LOGICAL METATHEOREMS FOR ABSTRACT SPACES IN POSITIVE BOUNDED LOGIC II 11

e Nn: F x F — F representing intersection.
e (-)¢: F — F representing complementation.
e (J : F representing the empty set.
e 1 F — sp representing the probability measure.
We write Jw e A] for € (w, A).
A pre-Loeb (probability) structure is a Henson structure M with signature £ satisfying, for all
A, Be FM and w e QM:
dr and dg are discrete metrics;
[weM A] € {0,1};
dr(A, B) = sup,cmq |[w €M A] — [w eM B]|;

o [weM ] =0;

o JweMQ] =1;

e weM(AUuB)=[weMA] v [weM B;

e [weM (AN B)] = weMA] A weM B;

o [weMA]+ [weM A = 1;

o (M) =15

o 0< pM(A) <1,

o WM(A v B)+ pM(A N B) = pM(A) + pM(B).

Here and throughout, we write Q= ge.

It is clear that the axioms pre-Loeb structures can be expressed by positive bounded £-formulas and
the class of pre-Loeb structures is axiomatizble by a uniform L-theory. In general, a Loeb structure
is not itself a real finitely additive probability space, but it can be naturally associated with one.

Definition 2.18 (cf. Definition 3.3 of [8]). Let M be a pre-Loeb probability structure. The external
probability space on QM is defined as follows:

e For each A e FM, define [A]M := {we QM : [w eM A] = 1} < P(QM).

o Let [FIM := {[A]M: Ae FM}.

e Define [JM : [FIM — R by [iP"([A]M) = pM(4).
The mapping [-]™ : FM — [F]M is an isomorphism of Boolean algebras, so [u]™ is well defined.

The triple (QM, [FIM, [u]™) is called the external probability space of M, and it is indeed a finitely
additive probability space.

When M is fixed, we write [u], [F], [A] for [u]™, [FIM, [A]M, respectively.

Theorem 2.19. Let M be an Ry -saturated pre-Loeb structure. The external probability space ([Q], [F], [1])
of M extends uniquely to a o-additive probability space (Q, Fr,[p]r) with Fr, := o([F]) the o-algebra
generated by [F].

Proof. This is immediate from Proposition 3.4 of [8]. O

2.3. Application I: A model-theoretic proof of Theorem 1.5. Theorem 1.5 will follow from
Corollary 2.16. We first demonstrate that the context of the result can be captured in positive
bounded logic. To do this, we first add a group structure to Loeb structures.

We introduce the following Henson signature L, which will extend £ by the following:

A binary function symbol - : ) x Q — Q
A binary function symbol - : F x Q — F
A binary function symbol - : Q x F —» F
A unary constant symbol ()71 : Q - w
A constant e : )

e A constant A : F

Now define € to be the uniform class of Lg-structures, M, which are pre-Loeb structures, satisfy that
(QM, M M) forms a group as well as
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o Yaj...,a,bi,..., b€ QM \/ingk(ﬁ([[(ai ‘bj)e Al =1 - i<j))

VH e FMvge QM (u(g- H) = p(H) = p(H - g))

VH e FMVYg,qe QM ([qe H -g] =1 - 3he QM([he H]=1Aq=h-g))

VH e FMVg,qe QM ([qeg-H] =1+ Fhe QM ([he H=1Arq=g-h))

The above axioms can be expressed in positive bounded logic. In particular, we can express the final
axiom as

VoHYogV2q(([ge g-H] =0v (I1h([he H =1Arqg=g-h))
A ((Voh([he Hl=0vh#g-p))v]heg -H] =1))
where h # ¢ - p is an abbreviation for do(h,g-p) = 1. Furthermore, it is clear that ¢ is axiomatizable

by a uniform Lg-theory, call this theory T'. Finally, note that if M € € then for H € FM and g € QM,
one can easily verify that

lg- H] =g-[H] and [H - g] = [H] - g.
Theorem 1.5 will follow from Corollary 2.16 and the following result:

Theorem 2.20. Suppose k = 1, G is a group and A is a k-stable subset of G. Let F be a bi-
inwvariant Boolean algebra containing A. Let p be a bi-invariant finitely additive probability measure
on F. Then there exists m such that Stab,,(A) € F, Stab,,(A) < G, Stab,,(A) has finite index,
and Stab(A) = Stab,,(A). In addition, there exists a subset Y < G, which is a union of cosets of
Stab,,(A), such that u(AAY) = 0.

Assuming Theorem 2.20, our first step is to state the non-uniform version of Theorem 1.5 as a
positive bounded L formula. For each f: N x N — N and n,m € N we define the positive bounded
Lg formula ¢y, p via

O fnm :=VoH VoY ((H is not a subgroup) v (H does not have index at most n)v
(not (Staby;,(A) = H = Stab,,(A))) v (Y is not a union of cosets of H)v
(ALY = 2~ fm))
where
H is not a subgroup := g h(([ge Hl=1A[he Hl=1)Ag-h ‘e H=0)vH=g

H does not have index at most n := Vag; ...V2g, (d]: (U gi- H, Q) = 1)

not (Stab:s (A) = H = Staby(A4)) :==(31h (u(A - RAA) < 27™) A ([h e H] = 0)))v
@ih (([h e H] = 1) A (n(A- hAA) > 27™))

and

Y is not a union of cosets of H := Vag1 ... Y29, 1w ([[w eYA U gi- H] = 1) .
1<n

In the above we write PAQ := (PnQ°)u(Qn P°) and | J,;,, is ‘meta’ notation for the application of U
n times. We now apply Corollary 2.16 with X = NY*N_ Take M € € = Mod(T). Then (QM, M M)
is a group, the external probability measure [p] will be bi-invariant, the external algebra [F] will
be bi-invariant and contain [A] and [A] will be k-stable. Thus, Theorem 2.20 implies there exists
m € N,[H] € [F] which will correspond to some H € FM, and [Y] € [F] corresponding to some
Y € FM such that H is a finite index subgroup with Stab ([A]) = [H] = Stab,,([A]), [Y] a union of
cosets of [H] and [u]([A]A[Y]) = 0. This will imply that for all f: N x N — N there exists n,m e N
such that

[H] e [F]3[Y] € [F] (([H] is a subgroup) A ([H] has index at most n)A

(Staby, ([A]) = [H] = Stab,,([A])) A ([Y] is a union of cosets of [H])A

([([A1A[Y]) < 2770wy
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since for a given f we can just take m,[H] and [Y] from Theorem 2.20 and n the index of [H]. It
then follows that M ¥ ¢, ,, and so the result follows from Corollary 2.16, noting that one can view
(m,n) as a single variable via an appropriate paring function. All that remains is to prove Theorem
2.20.

Throughout the remainder of the section, fix G, A, k, F, i1 as in the statement of Theorem 2.20. To
prove Theorem 2.20, we need a series of lemmas. The first result is taken from [6]. To state this result,
we must first introduce the definition of a subset of G being generic.

Definition 2.21. A subset of X < G is said to be (left) n-generic, if there exists n (left) translates
of X covering G, that is, there exists g1, ... g, € G such that

n
G = U giX.
i=1
X is generic if it is n-generic for some n > 1.

Lemma 2.22. For all stable B € F, u(B) > 0 iff B is left generic iff B is right generic.

Proof. p restricted to the Boolean algebra of stable sets will be the unique bi-invariant finitely additive
measure by point (a) Theorem 1.1 of [6] (and the remark after the statement of the theorem). Thus,
the result follows from point (b) of Theorem 1.1 of [6]. O

We must now recall some results from VC theory.

Definition 2.23. A set system on a set X is a set S € P(X) of subsets of X. For a set X, a set
system on X § € P(X) and W < X, we say that S shatters W if P(W) = {AnS: S eS8} The VC-
dimension of a set system S on a set X is VC(S) = sup{n € N : S shatters some W < X of size n}. If
B < G, write VC;(B) := VC({¢Blg € G}) and VC,(B) := VC({Byg|g € G}).

The following result linking VC theory to stability is immediate.
Theorem 2.24 (cf. Fact 2.8 [5]). If a set B < G is k-stable, then VCi(B),VC,(B) < k.

The next result we need is a generalisation of Haussler’s Packing Lemma [13] to finitely additive
measures given in [26]:
Theorem 2.25 (cf. Lemma 4.6 of [26]). Let m € N and S < F be a set system on G with VC-dimension
k and H < S satisfying p(BAC) = 27™ for all distinct C, B € H. Then |H| < wi(m) := (80k)k220mk,
We must now recall the definition of general stable relations.
Definition 2.26. For sets X,Y, a relation ¢(x,y) on X x Y is said to be k-stable if there does not
exist ai,...,ar and by, ..., by satisfying
Lemma 2.27 (cf. Proposition 3.7 of [5]). The relation ¢(z, (y,2)) on G x G? defined via v € AyAAz

is n-stable, wheren = R(R(k,k+1), R(k,k+1))+1 and R(x,y) is the usual two-color Ramsey number
for graphs.

Lemma 2.28. There exists m € N such that for all g,h € G,

p(AgAAh) >0 — u(AgAAh) > 27"
Proof. Write ¢(z, (y, z)) for the relation x € AyA Az, which we know is s-stable for some s by Lemma
2.27. We argue by contradiction. Suppose for each m € N, there exists g,h € G such that 27 >

u(AgAAh) > 0. By induction on 1 < n < s, for 1 < i < n we will construct g;, h; € G, such that for
alll<t<n

t n
m (ﬂ AginAhi o () (AgiAAhi)C> > 0.

i=1 i=t+1
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Given this, for 1 < i < s, we can pick

t n
a; € (| AgirAhi v ) (AgiAAR)
i=1 i=t+1
which will imply that ¢(as, (g5, h;)) iff ¢ > j. Taking x; = as—i+1, ¥j = gs—j+1 and 2z; = he_j41 implies
that ¢(zi, (yj,2;)) iff i < j contradicting the stability of ¢. For the case n = 1, by our assumption
(with m = 0 say) we can take g, h € G such that u(AgAAh) > 0. Now fix 1 < n < s and suppose
we have constructed g;, h; with 1 < i < n satisfying the desired condition, so we can take m € N such
that, forall 1 <t <n

t n
M (ﬂ AgitsAh o ) (AgiAAh,»)C> =2
i=1 i=t+1

By assumption, take g, h € G satisfying 2-("+1) > w(AgAAh) > 0. Thus, Lemma 2.22 implies that
AgAAh is generic. Setting

n
B = ﬂ AgZAAh,L
=1
which will have measure greater than 27, we will have, for some ¢ € N and vy, ...,v, € G that

q
B = U(B N v;(AgAAhR))
i=1
since AgAAh is generic. Thus we can take some v € G such that u(B n AgvAAhv) = pu(B n
(AgAAh)v) > 0. Setting gn+1 = gv and hy,41 = hv yields that

n+1
m (ﬂ AgiAAhZ) >0

i=1
and for 1 <t < n we have

t n+1 t n
m (ﬂ AgisAR; n ) (AgZ-AAhi)C> > (ﬂ AginAR; n ) (AgiAAhi)c> — p(Agns1hgnst)
=1 1=t+1 =1 1=t+1

> 27" — 1 ((AgAAh)) = 2~ (m+D > g,
We use left invariance of  and the fact that 2=(™+1) > ,(AgAAh) to obtain the last line. O

The next result we need concerns the relation ~ on F defined via B ~ C iff u(BAC) = 0. One can
easily verify that ~ is an equivalence relation and we denote the equivalence class of B € F as [B].
From the left invariance of u, one can easily verify that for all B,C' € F and g € G, if B ~ C then
Bg ~ Cg, this yields an action of G on the equivalence classes of ~, F/ ~ via [A] - g =[A - ¢].

Lemma 2.29. The orbit of [A] under the action of G on F/ ~ is finite.

Proof. If this was not the case, we could take a sequence (g;) S G satisfying that for all i <
Js m(AgiANAg;) > 0. Thus, Lemma 2.28 implies there exists m € N such that for all i < j, u(Ag;AAg;) >
27, Setting S := {Ag|g € G} and H := {Agi|i € N}, Theorem 2.24 implies VC(S) < k and so Theo-
rem 2.25 implies that H is finite, which is a contradiction. O

The last result we shall need, concerns a criteria for when we can conclude Stab” (A) is is the
algebra F.

Lemma 2.30 (cf. [5]). Let B € F with VC,(B) < o (in particular, if B is stable) and m € N. If
there exists m < n such that Stab®(B) = Stab¥ (B) then Stab% (B) € F.

In the case when G is finite and p is the counting measure, the above lemma follows immediately
from Proposition 4.5 of [5]. The general case can be proven by combining the proof of Proposition 4.5
of [5] and Lemma 4.3 of [4] as described in Remark 5.2 of [5].
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Remark 2.31. Note that if m < n then Stabl(B) < Stab/ (B). Thus the condition that Stabt(B) =
Stabk (B) is equivalent to Stabk (B) < Stabk(B) or that for all g € G,

w(BgAB) <27™ — u(BgAB) < 27"

Proof of Theorem 2.20. The stabilizer of [ A] under this action satisfies Stab([A]) = {g € G|u(AgAA) =
0}. Lemma 2.29 and the orbit-stabilizer theorem implies Stab([A]) has finite index. Theorem 2.28
implies there exists m € N such that Stab([A]) = Stab/ (A) and this will be the m we take. The fact
that Stabf (A) € F follows from Lemma 2.30.

Now, set H := Stab([A]) = Stab# (A). We argue as in the proof of Theorem 1.3 in [5]. We show
that for each g € G either u(gH n A) =0 or u(gH n A€) = 0.

Suppose not. Then setting B := H n g 'A and C := H n g~ 1A, would imply u(B),u(C) > 0.
Thus, Lemma 2.22 implies B is right generic and so since u(C) > 0 there exists h € G such that
pw(Bh A C) > 0. For such an h, we have BhnC = H n Hh n g~ *(Ah n A¢) which implies h € H and
w(Ah n A¢) = u(g~1(Ah n A°)) > 0. But, h € H = Stab([A]) implies u(Ah N A°) < u(ARAA) =0 a
contradiction.

Now let C1,...C,, be the left cosets of H. Let I be the set of 1 < i < n such that u(C; n A) > 0,
so if i € I we have u(C; n A°) = 0. Set

Y = U CZ

el

So
PAAY ) = p(AnYC) + u(A°nY) (UC mA>+,u<UC' r\AC>—O

¢l iel
and the result follows. O

2.4. Application II: A model-theoretic proof of Theorem 1.7. As with Theorem 1.5, Theorem
1.7 will follow from Corollary 2.16 after demonstrating that the context of the result can be captured
in positive bounded logic. To do this, we must treat integrable functions. Our treatment is different
from that of [8] and is informed by the characterisation of integrable functions on finitely additive
probability spaces [3].

For a probability space (2, F, i), a function f : Q — [0, 1] is measurable if and only if there exists
a sequence of simple functions {s,} (linear combinations of indicator functions of measurable sets)
satisfying

(2) Vwe Q([sn(w) — flw)] <277)

for each n € N. One direction follows from the well known fact that pointwise limits of simple
functions are measurable. For the other direction, for a measurable function f we can take

271
k
sn(w) == ) on Lk r< (@) <(k+1)2-n)

k=0
Furthermore, the integral of a measurable function f : Q — [0, 1] will be the limit of the integrals of
the the simple functions representing f (furthermore, a function being integrable is equivalent to the
convergence of the integrals of the simple functions that represent it) since (2) and the properties of
the integral imply*

| s = [ f)dnte)| < [ 1) = F)l due) <27

Next, for a measurable function f : 2 — [0,1] and € > 0, we need to be able to formally refer to
(bounds for) the measures of unions and intersections of sets of the form {w | f(w) < e}. A related
representation problem was addressed in the proof-theoretic work of the second author, Oliva and

4We note that our approach to integrable functions in the context of model theory for metric structures differs from
that in [8] and is motivated by the proof-theoretic treatment given by the second author and Pischke [28].
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Pischke [27]. We adopt their approach here, and it forms a crucial ingredient of our model-theoretic
proof of Theorem 1.7. A central contribution of that work was a novel outer measure translation,
whereby one could formalise that quantified statements hold with a specified degree of certainty in
a way that naturally recasts the computational content of such statements in a stochastic setting.
Concretely, we define the outer measure (cf. Definition 4.1.3 of [3]) u* : P(Q2) — [0,1] by

p*(F) :=inf{u(B): F < B e F}.
and, following the approach of [27, Section 3], we have that for all F' e P(Q2) and A € R
pr(F)z Ao VAe FVweQ(weF -weA) - p(A) = N)

equivalently
p(F)< Ao JAe FVweQ(weF —>we A) A u(A) < N).

Thus, if a set F' € F is represented by some quantified statement ¢(w), that is, F' = {w | ¢(w)}, the
above allows one to formalise that the measure of the set represented by ¢(w) exceeds some A without
having to comprehend ¢(w) as a measurable set F' [27, Section 3]. Even further, in the case that
©(w) does not correspond to a measurable set, the above still allows for a meaningful interpretation of
¢(w) holding with a certain degree of certainty. Moreover, it is shown in [27, Section 5] that the outer
measure translation transforms the computational content of a quantified statement (now formally
expressed in a suitable logical system) into an analogous stochastic variant. Lastly, we note that
p*(F) = p(F) for all F e F.

Now, to show Theorem 1.7 follows from Corollary 2.16. We introduce the following Henson signature
Lp which will be an extension of £ by the following

e A unary function symbol f, ,, : € — R for each n,m € N.
e A unary function symbol 5" : @ — R for each n,m,i € N.
e A constant symbol A;nm : F for each n,m,i e N

e A constant symbol I, ,,, : R for each n,m € N.

fix a functional ® : Q* x QT x NN — N. We define € to be the uniform class of £Lp structures, M,
that are Loeb structures, and additionally satisfy (in the following we suppress the superscript M
for the interpretation of terms to enhance readability) that for each m,n € N, f,, ,,(w) € [0, 1], which
can be expressed in positive bounded logic. To deal with the measurability and integrability of f;, m,
we work with simple functions as above. For each n,m,: € N we have s;n’n are the simple functions

(determined by the measurable sets A;nm) that converge uniformly to fi, ., that is we have:

. Agz,n,i N Azl’n’i = ¥ for each n,m,4,p,q € N with p # q.

. A6”’"’i U AP U Ag}m = for each n,m,i e N

o Ywe QM (s (w) =0 v 5] (w) = 2% V...ov s (w) =1) for each n,m,i € N

o Vwe M ([we AP™] =1 — s (w) = ) for each n,m,i e N and ¢ € [0;2]
It is clear that the above can be expressed in positive bounded logic and expresses the fact that s;""
are simple functions taking values 0, %, ...1. We now need to express that these simple functions
converge uniformly to f, ,,. This can be expressed simply as

Vw e QM (87" (@) — fam(w)l < 277)

for each n,m,7 € N. Furthermore, we have the I, ,,, are the values of the integrals of f,, ,,, which will
be the uniform limit of the integrals of the simple functions:

for each n,m,k € N. Again, it is clear that the above formulas can be expressed in positive bounded
logic. The last property we need is that ®, . , is a rate of metastable pointwise convergence. We use
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the outer measure trick we stated above and include the following axiom:

JAe FM | vw e M JA\ \V  (fijw)>e) > [we Al =1 | A p(A) <A
n<®(\e,9) i,5€[n;n+g(n)]

for each e, A € Q1 and g : N — N. We note that this axiom is actually a weakening of the fact that
®) . 4 is a rate of metastable pointwise convergence (to fully characterize this, we would require the
last inequality to be strict. However this is not possible in positive bounded logic), but this shall be
enough for our purposes. It is clear this can be expressed in positive bounded logic and that the class
% is axiomatizable by a uniform £p-theory which we call T

Now that we have the required setup, we are ready to prove Theorem 1.7. Let M be an N;-saturated
model in ¥ = Mod(T"). Then, by Theorem 2.19, (Q, Fr, []1) is a probability space and we have have
for each n,m € N that {s]""} will be a sequence of simple functions (determined by the measureable
set [A™™] € [F]) converging pointwise to f, . Thus, fnm, is a random variable with integral I, .
Furthermore, suppose €, A € Q" and g : N — N are give then there exists [A] € [F]| such that

VM e Q A\ V  (fij(w) >e) »we [A] | A [ul([A]) < A

n<®(A\e,g) i,5€[m;n+g(n)]

Now suppose we have

(1] we QM /\ \/ (fij(w

n<P(Ae,g) i,j€[nn+g(n)]

But that would imply [p]z([A]) > A which is a contradiction as [u]r([A]) = < A. Thus
O (A, e, 9) is a rate of pointwise metastability for {f, } with respect to [1]r- Now as possessmg a
rate of pointwise metastability is equivalent to almost sure convergence (cf. Theorem 3.2 of [29]), w
have that {f, } converges [u]r, almost surely and so the dominated convergence theorem (Theorem
1.6) implies {I,,,,} converges and thus is metastable, that is, we have for all e € Q" and g : N » N
there exists n e N
Vi,j € [nin+g(n)](li; <e)

Thus, for all e e Q,¢g: N — N, and n € N, defining o by the positive bounded formula

g:€),m

Plge)n = \/ (Lij = ¢).

i,j€[nsn+g(n)]
yields for all e € Q* and g : N — N there exists n € N such that M ¥(g,6);m and the result follows
by Corollary 2.16 with X = NN x Q.

Remark 2.32. We conclude by remarking that, instead of appealing to Corollary 2.16 to prove Theo-
rem 1.7, one could apply the uniform metastability principle of Duefiez and Iovino [8]. The key insight
of the proof we present was to use the outer measure translation of [27] to appropriately express the
assumptions of Theorem 1.7 as positive bounded formulas; we note that the use of the outer measure
in model theory to represent stochastic properties in positive bounded logic was already anticipated
in [27, Section 1.4].

3. A PROOF-THEORETIC TREATMENT OF ABSTRACT METRIC SPACES AXIOMATIZED IN POSITIVE
BOUND LOGIC

We now demonstrate that large classes of proofs appealing to the model-theoretic uniformity prin-
ciple (Corollary 2.16)admit uniform bounds that can be extracted directly from those proofs. Our
starting point is the system A4“ = WE-PA“ + QF-AC + DC, which formalises classical analysis in all
finite types via a weakly extensional variant of Peano arithmetic in all finite types, together with
certain choice principles (see e.g. [18]). We briefly sketch the key features of A“ and refer the reader
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to [20] for further details. Concretely, A% is built on many-sorted first-order classical logic, with a set
of sorts (or types) T defined by

0T, preT —p(r)eT.

We use natural numbers to denote pure types, writing n + 1 := 0(n). For each p € TS, we have

variables x”, y, z”, ... and quantifiers ranging over them. The only primitive relation symbol is =g,
representing equality at type 0; equality at higher types is defined as an abbreviation via

2™ = oy = Ve (a2 =, y2).

Beyond =, the language contains constants for zero and the successor function, as well as constants
corresponding to Schénfinkel’s combinators [31], which suffice to formalise A-abstraction. It further
includes constants for simultaneous primitive recursion in the sense of Gédel [10] and Hilbert [15],
together with their standard defining axioms (see [20] for explicit details).

The system admits only a quantifier-free extensionality rule:

(QF-ER)

AO — 8 =p t
Ay — rls/xP] =; r[t/zr]
where Ag is a quantifier-free formula, s and ¢ are terms of type p, and r is a term of type 7. Crucially,
the system does not include the full axiom of extensionality; see [20] for a discussion of the limitations
that full extensionality imposes on systems suitable for program extraction. In addition, QF-ER is
enough to prove the following rule

Ag —s=,1
Aop — (Bl[s/zr] — Blt/zr])

where B is an arbitrary formula and s,t¢ are free for z* in B.

The representation of the real numbers within WE-PA® will be central to the present work. We
sketch the construction here and refer the reader to Chapter 4 of [20] for full details.

Natural numbers are represented as objects of type 0. Rational numbers are encoded as pairs of
natural numbers via the canonical pairing function j, defined by

[(n0, m°) {minu <o (n+m)? +3n+m[2u =g (n +m)* + 3n +m]| if existent,
J y M) i=

0° otherwise.

Through terms operating on such codes, one can primitively recursively define the standard operations
+0, ‘@, | - |g, and so on; the relations =g, <@, and so on are likewise definable by quantifier-free
formulas. For r € Q, we write {(r) for the type 0 object that codes for r.

The reals are represented as fast-converging Cauchy sequences with a fixed modulus of convergence.
Concretely, an object f' of type 1 is interpreted as a sequence of rationals, and we identify it with a
real number when it satisfies

v |f(n) —q f(n+1)]g <@ 2 ™%
To allow implicit quantification over the reals, we introduce the operator =, which turns any f of type
1 into a fast-converging Cauchy sequence f via

f(n) = f(n) i Yk <on (|f(k) —q f(k+ 1o <@ 277",
: f(k) for k <o n least with |f(k) —q f(k + 1)|o =0 2-F=1  Gtherwise.

One can verify that = ensures every type-1 ob ject codes a unique real: if f! is already a fast-converging
Cauchy sequence as above, then ¥n" (f(n) =¢ f(n)). Unlike the rationals, equality on the reals is not
given by a quantifier-free formula; instead, it is expressed by a IIY formula. Similarly, <g and <g are
defined by 9 and IIY formulas, respectively. The natural numbers and rationals embed into R via
constant sequences, and the standard operations +g, ‘g, | - |r, and so on are primitively recursively
definable. Throughout, we follow the standard convention of suppressing type subscripts and the
symbol ‘g whenever the context makes them clear. For a rational number r, we (r)r := Ak.(r) i.e.
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we recognise  as a real number via the constant sequence. When it is clear, we shall just write the
rational number 7 (we typically only write (r)gr when r is a natural number).

We will also require a canonical selection of a Cauchy sequence representing a given real number.
Following [20, Defintion 17.7], for non-negative real numbers = we define the the function (x), by

(2)o(n) 1= j(2ko, 2" — 1),

where

k
ko := max k {2”“ < :c] .
We will need an extension of this function (-), to all real numbers. So for x < 0, we define (z),(n) :=

—qo(|z])o(n). We shall need the following properties of (-)o:
Lemma 3.1 (Lemma 17.8 of [20] and Lemma 2.1 of [30] ). Let x € R. Then:

(1) (z)s is a representation of x in the sense of the above (see again e.g. [20]), in particular

pay

()o =1 (2)o-
(2) For s e [0,0), if |z| < s, then (z)o <1 (8)o, i.e. (z)o(n) < (s)o(n) for all n e N.
(3) (x)o is nondecreasing (as a type 1 function), i.e. (x)o(n) < (x)o(n + 1) for all n € N.
Naturally, such an association of a real number with a fast converging Cauchy sequence will be
non-effective; however, we note that if 2% then (x), can be given by a closed term in the system. For
x € N one can define (z)o(n) := j(x - 2772 271 — 1) see [20, p.426 and p.383].
The rule obtained from QF-ER, as above, with =, replaced with = is not valid in the system. For
a formula B and o a type we write QF-ER%(B(z)) if the following rule is admissible in A%
Ay — V27 (s(z2) =g t(2))
Ao = (Bs/z"?)] — B[t/«*(?)])
for all terms s,t. In this section, we consider systems that extend A“. If B is a formula in such an

extension, we write QF-ER% (B(x)) if the above rule is admissible in this extension.
The system A% also includes the quantifier-free aziom of choice schema in all types,

(QF-AC) Va Iy Ao(z,y) — 3IY Vz Ag(z,Yz)

where Ag is quantifier-free and the tuples z, y may range over arbitrary types, as well as the principle
of dependent choice DC, comprising the schemata DCZ for all type-tuples p:

(DCE) Va®,y? 322 Az,y,2) — 37OV Az, f(x), f(S()))

where iﬁ(o) stands for f1* (O), cee f,f £ and A may be arbitrary. Since DC permits arbitrary compre-
hension over natural numbers, full second-order arithmetic (in the sense of reverse mathematics [33])
embeds into A¥, identifying subsets of N with their characteristic functions.

3.1. A formal representation of model theory for metric structures. Let L be a Henson
signature and 7 a uniform L-theory. We extend the set of types T in A“ by introducing abstract
types for each of the sorts in L to form the set of types T'* defined by

0,X,eTl, preTt - p(r)eT*,

for each sort s € S\{sg} from L. We shall write X, := 0(0) = 1, which will represent the type for the
standard encoding of the reals as fast-converging Cauchy sequences.
In A% we can define the closed term P of type 0(0) with satisfying

¥n'(n >q 0 — P(n) =g n) A ¥n'(n <g 0 — P(n) =¢ (1)).

Using P, we are able to quantifier over the set of strictly positive rationals Q% . Here we use the fact
that rationals are encoded by natural numbers using the Cantor pairing function (see [20] for more
details). In particular, whenever we speak about a rational number r, we strictly mean a code for this
natural number (r) (which we simply write as r when the context is clear).
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Definition 3.2. A“[L] will be the system resulting from 4“ over the augmented language including
the types X, for each sort s € S\{sr} from L (where all the respective constants and axioms now also
refer to these new types, if applicable) by extending this system, for each f : s; X ...s, — sp in L,
with the following constant:

o fof type X (Xs,) .- (Xs)-
Furthermore, we fixed closed terms of A%:

e Ay of type 0(0)(0).

e Qy of type 0(0)(0).

We would like A“[L] to have axioms stating that Ay is a modulus of equicontinuity on bounded
sets and )y is a modulus of equiboundedness on bounded sets:

(B)y Vap L aen kO (/\(dsi (%3, a;) <r (k)R) = dso (f(21, ..., 2n), a:) <m (W(M)R) :

i<n

X X Xs X 0.0
(C)y Vo™t oo,y eyt kT

r'n

(/\(Czsi(xiyai) <g (MR A ds, (i, 05) <r ()R A ds, (25, y;) <g 272 F7)

1<n

dso(f(xl’- . .,l'n)7];(y17 cee ’yn)) <R 2k>

Next, we suitably interpret the terms of L in A“[L]. In the above, and throughout this article, we
write dg, = O and dg, (,y) = |z — y|r for x1,y'.

Definition 3.3. Associate each variable, z, of sort s in positive bounded logic with a variable, which
we still call z, of type X, in A¥[L]. For each term t of positive bounded logic, define the term, #, of
A“[L], as follows:
e If t = z a variable of sort s, t := z.
o Ift = f(t1,...,t,) with f : s X ...s, — so a function symbol in L and ty,...,t¢, terms of
positive bounded logic with #1,...,%; defined. Then ¢ := f(t], o).

It is clear that ¢ +— f provides an embedding of terms of positive bounded logic into terms of A“[L].
When it is clear, we shall write @s and d, simply as as and d, respectively.

Next, we define an embedding of the formulas of positive bounded logic in our system A“[L]. For
a formula ¢ of A“[L], s€ S, and r° In the following, we introduce the abbreviations:

Voo = Voo (dy(z, as) <g P(r) — @) and 3,25 := 325 (dy(x, as) <g P(r) A @)

Formally, P(r) is a type 0 object which codes for a non-negative number. So when we write d,(z, as) <g
P(r), for example, we actually mean d,(z, as) <g (Ak.P(r)), where (A\k.P(r)) is the embedding of the
nonnegative rational number encoded by P(r) into the real numbers via the constant sequence. We
make similar simplifications throughout.

Definition 3.4. For each positive bounded formula ¢, define the formula, @, of A“[L], as follows:

e If o =t < r (respectively r < t) for a term ¢ and rational r, then ¢ :=  <g 7 (respectively
r <R f)

o If o = 1 A w2 (respectively ¢1 v p2) with @1 and @y defined then @ := @1 A @a (respectively
P1V P2).

o If ¢ = V,zp (respectively 3,x¢) with r positive rational and ¢ defined then ¢ := V,xp
(respectively 3,xp).

Again, it is clear that ¢ — ¢ embeds positive bounded formulas into A“[L].

Definition 3.5. We add the following axioms to the theory A“[L]:
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e (C)f and (B)y for each f:s1 x...5, = 50 in L.
e (Pseudo-) metric axioms for ds. That is, for each s € S\{sg} we have the axioms:
(1) VX5 (ds(z, ) =g 0)
(2) Yars, y™ (ds(,y) =r ds(y, 2))
(3) VaXe,yXs, 2% (ds(a,y) <r ds(,2) + ds(2,9)))
As with A“ equality at type 0 is still the only a primitive predicate. For s € S, we define X = X, Y

as ds(z,y) =g 0. Equality for complex types is defined as before as extensional equality using = and
=x, for the base cases.

X

Definition 3.6 (cf. Definition 3.1 of [18]). The full set-theoretic type structure S¥»# = (Sp) perr over
N and the family of spaces .# := (Ms|s € S) is defined via Sp := N, Sx, := Mj, for each s € S\{sr}
and

S,
87(5) = 57—&.
For x € S; = NV, define [z] to be the real number corresponding to the fast converging Cauchy

sequence &. For x € Mx, = M; for s € S\{sgr} set [z] := =.

Proposition 3.7 (cf. Definition 3.2 of [18]). Let .# be a Henson L-structure with universe (Ms|s € S)
and respective moduli of equicontinuity and equiboundedness on bounded sets Ay and 2y for each
function symbol ®, f, in L. Then S*~? becomes a model of A°[L] by letting the variables of type p
range over S, if the additional constant symbols coming from L interpreted appropriately, namely:

; _ V7l [za]))e if s0 = s,
@, 2n) = {f///([ml],,[mn]) otherwise
for f:s1 x...8, = sg a function symbol in L.

Definition 3.8 (cf. Definition 3.2 of [18]). A sentence of the language of A“[L] holds in an Henson
L-structure ./ if it is true in the models of A“[L] obtained from S¥# as specified in Proposition 3.7.

We now introduce a collection of formulas in A“[L] that will represent the class of positive bounded
formulas taking parameters. First, we introduce the following abbreviations:

V,2Xs(0) 5 = g X (0) (Vnl (dg(x(n), as) <g P(r)) — ¢)
and

ﬂrxXS(O)go = 3 X0 (Vn (d;(x(n),as) <r P(r)) A ¢).
Furthermore, as in [20, p. 201], for s € S, k% and 2%+(9), we can define (z,1) such that

(z,1)(i) = {

where the equality is =1 for s = sg and =x, otherwise.

Definition 3.9. Let PBL[L] denote the class of formulas in A“[L] of the form:

z(i)if i<l

Qs otherwise

X, (0 X, (0 Xsom—1(0) Xog,, (0
Gm(T7f7l7§> :Evrl(g)xl il )Elrz(g)yl 2( ) : ‘vrzm—l(z)xm o Ei7"2m(§)ym 2 (0
(T((z,U2)), (y,1(2)),2) =r 0)
For, k of type 0, z a sequence of terms with respective arbitrary types ¢ := o1, ...,0p, for each 1 <14 <

2m we have r; a closed term of type 0(cp)...(01), T a closed term of type 1(op) ... (01)(Xs,,.(0)) ...
(X5,(0)), and [ is a closed term of type 0(cp)...(01). Here, and throughout, we write (z,l(z)) =
(1,0(2)),. .., (¥m,l(2)) and define (y,[(z)) similarly. Furthermore, for i > 0, if sg;_1 = sr (respec-
tively, so; = sg) we shall assume that 7 satisfies QF-ERY (|7 (;)| <g 27%) (respectively QF-ER% (|T'(v;)| <wr

SHere we actually mean the interpretations of the constants Ay and Q; in ¥4,
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27F)) for each k¥, where we write QF-ERG (|T'(z;)| <r 27%) (respectively QF-ERS (|T(y;)| <g 27%)) for
QF-ERY (A(z;)) (respectively QF-ER%(B(y;))) with

A(z;) :=T(z,y,2) <g 27" (respectively B(y;) := T'(z,y,2) <r 27).
We make similar abbreviations throughout.

Proposition 3.10. If ¢ is a positive bounded formula then ¢ is provably equivalent over A“[L] to a
formula in PBL[L]:

X, (0 X5 (0 Xsopm_1(0) Xy, (0
O%(T,r,1) = Wry2y V3,00 2 a3 e O (@), (5:T) =5 0)
for a term T and (codes for) positive rationals r1,...,Tom.

Proof. 1t is clear that if ¢ is a positive bounded formula then ¢ is equivalent to a formula in prenex
normal form with bounded quantifiers which is built up from formulas r <g ¢ and ¢t <g r viewed as
prime formulas, by and v and A, for terms ¢ in L. Now, ¢ is equivalent to

T Tyt Vg 3y ™ (Q2, y) =g 0)
as in Lemma 6.12 of [11], @ is constructed by induction on the complexity of ¢:
(1) r<r t is replaced by min{r, 75} —r=g0
(2) t <g r is replaced by min{r,t} — ¢t =g 0
(3) ¢ =r 0 v ¢ =g 0 is replaced by min{|¢|, ||} =r 0
(4) ¢ =r 0 A ¥ =g 0 is replaced by max{|¢|, ||} =r 0.
Now we can define T' of type 1(Xs,,,(0)) ... (X5, (0)) via

T :=Xz,y.Q(z1(0),...,2,(0),y1(0),...,ym(0)).

Now, QF-ER%(|T(x;)| <g 27%) and QF-ER(|T(y;)| <g 27%) will follow from the fact that @ can be
shown to be uniformly continuous by induction on the complexity of ¢ and the axioms (C);. Thus,
we actually have extensionality implicicatively. O

Ezample 3.11. In addition to the class of formulas obtained via our embedding of positive bounded
logic into our system, PBL[L] represents an embedding of parameterised positive bounded formulas.
For example, in the context of L := Lg defined in Section 2.3, we had the following positive bounded
formula

H does not have index at most n := Vog; ...V2g, (d; (U gi - H, Q) = 1>
i<n

where, here H is a variable and n is a natural number parameter. This formula can be expressed as
a formula in PBL[Lq] via

Vag*e® (d]-' (Oigng(i) - H, f:?) — 1= 0) :

where now n is a free type 0 parameter and,

Uiéng(i) - H := Rx,(n,g(0)"H,A\B,m.(BO(g(m + 1)°H)))

where Rx, is a (single) type X r recursor constant (cf. [20], p. 48). From this example, one sees why it
is important to allow PBL[L] to contain formulas with quantification over bounded finite sequences.

Remark 3.12. We note that the rules corresponding to QF-ERS (|T'(2;)| < 27%) and QF-ER ( |T'(v;)| <wr

27%) in the case where the sort s is not sg follows from QF-ER. QF-ER%(|T'(z;)| <g r) and QF-ER (|7 ()| <wr

r) represent the minimal extensionality assumption on =g we need to prove our metatheorems. How-
ever, we note that when treating concrete instances of parametrised positive bounded formulas, as we
did in Proposition 3.10 and Example 3.11, one actually has that T is uniformly continuous on bounded
sets, which yields the extensionality implicitatively rather than as a rule.
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Remark 3.13. Our approach to embedding positive bounded formulas in a system of finite type arith-
metic differs to [11], where (working with norm structures, as opposed to metric structures with a
single sort), the class PBL is defined to capture the satisfiability of a countable collection of positive
bounded formulas indexed by natural numbers n and not containing further parameters. Furthermore,
as [11] is done in the normed setting, bounded universal quantification is taken over closed balls (cf.
Remark 2.4). The assumption that the term 7" associated with a PBL is extensional with respect to
real variables shall be important later on. The assumption ensures that T' treats type 1 variables as
real numbers and does not perform manipulations on their representations as type 1 objects.

We now formally write down the approximate satisfiability of a positive bounded formula.
Definition 3.14. Let
X, (0 X, (0 Xsom—_1(0) X, (0
Om(T,1,1,2) =Yy, ™ T 2 V™ 3

ctTTr2m—1

(T((z,1(2)), (y,1(2)),2) =r 0)

be a formula in PBL[L]. The following formula expresses the kth approzimate of O, (T,r,2):
Ama(T, 1,1, 2, k) := k >0 max{[—logy(P(r2i—1))] |7 € [1;m]} —

Xs,(0 Xs5(0 Xsom_1(0) Xso,, (0
vP(h(z))fQ%xl 2 )HP(TQ(;))+2—’“y1 2 )"'vP(T27n—l(£))*2_kxm e ElP(?‘zm(z))+2‘kym 2 (0
(IT((z,1(2)), (3,1(2)), 2)| <& 27%).

In addition, the following formula expresses the approximate truth of
Om,aA(T, 1,1, 2) = V" Ay a(T, 1,1, 2, k).

The following proposition shows the connection between ©,, 4 and approximate satisfiability and
is immediate:

Proposition 3.15. Suppose ¢ is a positive bounded formula. If A4 is a Henson L-structure, then
M =4 ¢ if and only if S = 07 AT,r).
We shall need the following immediate proposition later on:

Proposition 3.16. Let

X, (0 X5 (0 Xsgpm_1(0) Ko (0
Gm(T7Z717§) :Evrl(g)xl i )Elrg(g)yl 2 ) : 'vrzm_l(g) m e 3T2m(§)ym 2 (0

be a formula in PBL[L]. Set

A%A(T,z, l,z,k) ==k >¢ max{[—logy(P(re;i—1))]| |7 € [1;m]} —

- X, (0)= Xoy(0) & Xsom_1(0)5
VP (@)-2+01 " IPra@)e Y VPrapa (@) -2k B

(IT((2, 1(2)): (3, 1(2)), 2)] <& 27).

Then A“[L] proves ©pm (T, 1,1, z) and VK° AnD%A(T, r,l,z, k) are equivalent. Where we write:

X 0
HP(rzm(g))JrQ*kym 2777,( )

V2% = v O (vn0 (d,(x(n), as) <r P(r)) — @)

and

3,050 = 32%0) (v (d,(2(n), a5) <& P(r)) A ).

We want to add the axioms expressing approximate satisfiability of a given positive bounded formula
in 7 to A“[L]. To show that such axioms will be admissible with respect to program extraction, we
shall show that they are equivalent to universal formulas with respect to a suitable extension of
A“[L]. We first need to introduce a version of the retraction map from [11] (see Definition 6.15 of
that reference) to allow intensional expression of bounded quantification in our metric setting.
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Definition 3.17. Denote by A“[L,retr| the extension of A“[L] where, for each sort s € S, we add a
constant, retrs, of type Xs(0)(Xs) and the following axioms:

o Vo ¥s rO(retrg(w, 1) =x, z v retrs(z,7) =x, as)
. VxXS,rO(ds(:c,as) <r P(r) — retrg(x,r) =x, x)
o Vo Xs r9(dy(x,as) >r P(r) — retry(z,7) =x, as)
o Vo Xs rO(retrg(retrs(z,r),7) =x, retrs(x,r))

Lastly, we define the term, retry(zX+() 0) := AnO.retry(z(n),r). We shall write retr, simply as
retrs when the context is clear.

Remark 3.18. The intended semantics of retr is to fix every point in the closed ball and to map
every point outside the ball to the centre. However, axioms that fully specify this behaviour are not
admissible in our system. We therefore give an intensional treatment of this mapping, which leaves the
behaviour on the boundary of the ball unspecified. By contrast, in the normed setting the existence
of intermediate points permits an extensional retraction map whose semantics are fully captured by
the system (cf. [11, Definition 6.15]): one can define, as a term, the map that fixes every point in the
ball and sends each exterior point to the intersection of the line segment from that point to the centre
with the boundary of the ball.

Proposition 3.19. Let 4 be a Henson L-structure with universe (Ms|s € S) and respective moduli
of equicontinuity and equiboundedness on bounded sets Ay and Qy for each function symbol, f, in
L. Then 8" becomes a model of A“[L,retr] by letting the variables of type p range over S, if all
constant of AY[L] are interpreted as in Proposition 3.7 and the constants retrs are interpreted via:

' <
retrs(xXS,r) - {x if ds(a:,as.) r P(r)
as otherwise

For s € S\{sg} and

—~

i <
retrsR(ml,T) — ([z])o if  |z|r RP(T)
0)o otherwise.

We say a formula A(z%+()) is uniformly continuous if A“[L,retr] proves 3k0V2X+©) (A((z,k)) <
A(x)).

Proposition 3.20. Let s € S and A(mXS(O)) be a uniformly contentious formula. If s = sgp suppose
we have QF-ER%(A(z)). We have the following:

o AY[L,retr] - Vr0 (V2O A(retrs (z, 7)) — V27X 0 A(x)).

o AY[L,retr] - V0 (35O A(retr,(z, 7)) — 3,250 A(x)).

Proof. Take k° realising that A(x) is uniformly continuous.

e Take xXs. Then the second axiom of retr (cf. Definition 3.17) implies, that
Vi <o k (ds(2(n), as) <g P(r)) — ¥n" (et (z, ), k) (n) =x, (z,k)(n))
So QF-ER (QF-ER%(A(z)) in the case s = sg) implies®

Vn <o k (ds(xz(n),as) <g P(r)) — (A(retrs(z,r), k)) < A((x,k)))

and the result follows from the uniform continuity of A.

6An easy consequence of QF-ER is the extensionality rule for existential premises, as one may prenex the existential
quantifier as universal and apply QF-ER with the universally quantified variable treated as a parameter. More precisely,
if Bo(27) is quantifier-free and C(z”) is an arbitrary formula, then if 327 Bo(z) — u =, v we have Vz°(Bg(z) = u =, v)
and so for all 27, applying QF-ER to Bo(z) — u =, v yields that Bo(z) — (C(u) <> C(v)) which implies 327 By (z) —
(C(u) & C(v)).
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e Let 70 be given. If we have z%:(9) satisfying A(retr(z,)) then we are done once we have
shown Vn? (ds(retrs(z(n),r),as) <g P(r)). The first axiom of retr (cf. Definition 3.17) yields
vn? (retrs(x(n),r) =x. x(n)vretrs(x(n),r) =x. as), so if for some n we have retrs(z(n),r) =x.
as then dy(retrs(z(n),r),as) =r 0 <g P(r) and if not then we have retrs(z(n),r) =x, z(n)
and by the third axiom, we have ds(xz(n),as) < P(r) which implies ds(retrs(z(n),r),as) =r
ds(xz(n),as) <g P(r).

]

Remark 3.21. A result analogous to Proposition 3.20 is established in Lemma 6.16 of [11], in the
context of their extensionally defined retraction map (cf. Remark 3.18) and with bounded universal
quantification taken over closed balls (cf. Remarks 2.4 and 3.13). In [11], the authors establish the
converse of both implications in their setting. By contrast, each direction of Proposition 3.20 yields
only a partial converse of the other; however, this will suffice for our purposes. A further difference

is that in [11] the formula A is required to be extensional in the free variable 2Xs, for sorts s # sg.
With our intensionally defined retraction map, we only need an extensionailty rule for SR-

Using retr we define an intensional notion of approximate satisfiability:

Definition 3.22. Let

ng (0) KXagpn—1(0)

@ (T T,Z,Z) vrl(Z)xl ( )El 2(5) : vrzm 1(z ).T,'m

(T((z,1(2)), (y,1(2)), 2) =r 0)
be a formula in PBL[L]. We define
Aretr Wl 2, k) ==k >¢ max{[—logy(P(rai—1))]|i € [1;m]} —

T O3y @ e @3y %ean O (7 (retr (), 12)), (retr(y), 1)) 2)] <g 275).

Va; VT,
Where we write (retr(z), [(z)) for the tuple (retry, (1, P(r1(z)) — 27%),1(2)), . . . and define (retr(y),!(z))
similarly. In addition, we define

@retr (T,r,1,2) == VK° Aretr W,z k).

Xy, (0)
Jrapn (2)Ym

Hyr)riSQm(

Proposition 3.23. Let

On(T,r,l,2) :Evrl(é)xfsl(o)fl (g)yf(”(o) ) ..Vrzm_l(z)mi
(T((z,1(2)), (3, 1(2)), 2) == 0)
be a formula in PBL[L]. Then
A®[L, retr] - G)retr WTr,l,z) & Oy A(T, 1,1, 2).
Proof. Proposition 3.20 immediately yields that for all k°
(%) AP A(Tr 12, k) = AT, 11,2, k) = Apa(T, 1,1, 2, k)

and the result follows from Proposition 3.16. Note that QF-ER implies that for each i the formulas
1T ((z:,1(2)))| <r 27% and |T((y;,1(2)))| <g 2% are uniformly continuous. O

Definition 3.24 (cf. Definition 6.26 of [11]). Denote by A“[L,retr, ¢| the extension of A“[L,retr]
where, for each s € S, we add a constant, ¢s, of type X(0)(0)(0(Xs(0))) and the axiom:
(¢s) VX (O 0 0000 (4 (retry (@, 7)) =0 0 — z(retrs(¢s(z,7), 7)) =0 0)

Proposition 3.25 (cf. Definition 6.27 of [11]). Let .# be a Henson L-structure with universe (Ms|s €
S) and respective moduli of equicontinuity and equiboundedness on bounded sets Ay and Qy for each
function symbol, f, in L. Then S“* becomes a model of A“[L,retr, ] by letting the variables of type
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p range over S, if all constant of A*[L,retr| are interpreted as in Proposition 3.19 and the constants
¢s are interpreted by any function with the semantics:

¢S(zO(XS(O)) T) — retrs (.’13, ’I”) fOT st(O)
’ AN.ag otherwise

with z(retrs(xz,r)) = 0 if existent,

We now show that A“[L,retr, ¢] prove that the approximate satisfiability of formulas in PBL is
equivalent to a universal formula.
Proposition 3.26. Let

X, (0) X, (0 Xsom_1(0) Xsom (0)
@m(T7 r, l?i) :Ele(g)xl 1( H7"2(§)y1 2( ) e v7‘2m—1(§)$7n ’ ' 3T2m(§)ym ’ (

(T'((z, 1(2)), (y,1(2)), 2) = 0)

be a formula in PBL[L]. Then there is a quantifier-free formula 04 (k°, 2) in the language of A“[L, retr, ¢]
such that

AL, retr, ] b O a(T, 1,1, 2) < VK045 (k, 2).
Proof. We show that
A“[L,retr, ¢] - O (T, 1,1, 2) < Yk O (k, 2).
and the result follows follows from Proposition 3.23. Fix T, r, z and let
Afg?&l(T, r,l,z,k) :=k >0 max{[—logy(P(r2i-1))] |7 € [1;m]} —

L —_

v 1 Ogy X gy Xeema O3 Xeon O (11 ((ete(z), 1(2)), (retr(y), 1(2)), 2) (k) —¢ 27 <g 27).

Now, we have, for all k"
(1) A (T, 12,k +2) = AT, 1,1, 2, k) — Al™(T, 1,1, 2, k)
since for all z,y, [20, Lemma 4.2] yields that

T (2, y, 2)|(k +2) = 27 ") <g 27*+2)

implies |T'(z,y,1,2)| <r 3 - 2=(k+2) <p 27% and the first implication follows. The second implication
is immediate from [20, Lemma 4.2]. These implications imply that @fﬁffﬁl(T, r,l,z) is equivalent to
Vi Aff:;\(T, r,l,z, k). Thus, our goal, will be to show Aff:i\(T, r,z,l, k) is equivalent to a quantifier-
free formula, from which the result will follow. First observe that

T((@,0), (. D, 2)l(k) —g 27 <g 27,

is quantifier-free. Call this formula Héf(k‘, z,9y,2). Then there is a closed term ¢y that satisfies

t91 (kv xz, ya é) =0 0« e(llf(ka xz, ya g)
Now we apply (ds,,,) t0 2 := Ay " tgr (, 2,y ym, 2) and P(ran(2)) +27F, yields

X, (0 _
3ym ™ 04k, 2., xetr, (g, P(ram(2)) +275),2)
is equivalent to the quantifier-free formula
0o (k, 2, Y, 2) := Oge(k, 2, Y, rectsy,, (Bsy,, (2, P(ram(2)) + 275)), P(ram(2)) +27%), 2).

Though a similar argument, considering
Ksom— _
—(Jay, ! ﬁeéf(k:,g, retr(zy,, P(rom—1(2)) — 2 k),y, 2))
we can find a quantifier-free ng(k:, z,9,2) equivalent to
Xsgm—19, Xegm gl —k —k
Vl’m Elym qu(k‘7£7 retr(xm, P(T2mfl(§)) -2 )7 ga retr32m (yma P(TQm(g)) + 2 )7&)

Continuing, yields a quantifier-free formula equivalent to Afﬁﬂ(T, r,l,z, k). The result follows. O
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Definition 3.27. We shall write A“[L, T] for the extension of A“[L, retr, ¢] with axioms ©% (T,r,1)
for each ¢ in the theory 7.

Proposition 3.28 (cf. Definition 3.2 of [18]). Let # =4 T be a Henson L-structure with universe
(M| s € S) modelling T and respective moduli of equicontinuity and equiboundedness on bounded sets
Ay and Qf for each function symbol, f, in L. Then S« becomes a model of A“[L,T] by letting

the variables of type p range over S, if all constant of A“[L,retr, ¢| are interpreted as in Proposition
3.25.

Definition 3.29 (cf. Definition 3.2 of [18]). A sentence of the language of A“[L] holds in a model of
T if it holds in the models of A“[L, T] obtained from §“*# (cf. Proposition 3.28).

3.2. A bound extraction theorem for A“[L,7]. The main result of this section will be to obtain a
bound extraction theorem, similar to Proposition 6.35 of [11], from which our proof-theoretic version of
the uniformity principle, Corollary 2.16, will be a consequence. The main tool for the bound extraction
theorem Godel’s Dialectica interpretation [10] combined with a negative translation by Kuroda [25].

Definition 3.30 ([10, 39]). The Dialectica interpretation AP = 3zVyAp(z,y) of a formula A in the
language of A“[L,T] is defined via the following recursion on the structure of the formula:

(1) AP := Ap := A for A being a prime formula.
If AP = E@VQAD(:C y) and BP = JuVYvBp(u,v), we set

(2) (AAB)P =3z, uvy, v(A A B)
where (A A B) (z,u,y,v) := Ap(z,y) A Bp(u,v),
(3) (Av B)P := 320 2, uvy,v(A v B)p
where (A 4 B) (Z L, U, Y, v ) (Z 0— AD(&)Q)) A (Z #0— BD(Q,Q))?
(4) (A— B)P :=3U,YVz,v(A — B)p
where (A — B)p(U,Y,z,v) := Ap(z,Yxv) — Bp(Uz,v),
(5) (327 A(2))P = 3z, 2Vy(32"A(2))p
where (327 A(2))p(z,z,y) := Ap(z,y, 2),
(6) (V2TA(2))P := 3XVz,y(V2"A(2))p
where (V2" A(z2))p(X, z,y) := Ap(Xz,y, 2).

Definition 3.31 ([25]). The negative translation of A is defined by A’ := —=—A* where A* is defined
by the following recursion on the structure of A:
(1) A* := A for prime A;
(2) (A0 B)* i= A% 0 B* for o€ {a, v, —};
(3) (E|.Z‘TA> = JzT A*;
(4) (VaTA)* := Vo™ ——A*.

We now have the following soundness result that allows us to extract quantitative bounds for suitable
reformulations of theorems proven in A“[L,T]. Let us write AY[L, 7|~ for A“[L,T] without QF-AC
and DC.

Proposition 3.32 (essentially [18]). Let A(a) be an arbitrary formula (with only the variables a free)
in the language of A“[L,T]. Then the rule

AY[L, T+ A(a) =
.A“’[L, 7_]_ + (BR) - Va, Q(A,)D(tﬁﬂ Y, Q)

holds where t is a tuple of closed terms of A“[L,T|™ + (BR) which can be extracted from the respective
proof and (BR) is the schema of simultaneous bar-recursion of Spector [35], here extended to all types
from T* (similar as in e.g. [20]). Furthermore, this result extends to any extension of the language of
AY[L, T] by new types and constants together with any number of additional universal axioms in that
language (noting that the additional axioms added to A to get AY[L,T| are (equivalent to) universal
axioms.
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The proof of this result is exactly as the analogous soundness result in [18], so we omit it.

Remark 3.33. If A := Vz 3y Ag(z,y) for Ag quantifier-free then (A") p will be equivalent to 3f VY A(z, f(z))
and 3.32 will guarantee that we can extract a term ¢ witnessing f from the proof of A. However, it

is well known (BR) is not a set-theoretically valid principle (cf. p.214 of [20]) and so the validity of ¢

in models of 7T is in question.

Definition 3.34 (essentially [9]). Define 7 e T, given 7 € T»%, by recursion on the structure via
0:=0, Q:=0, S:=0, 7(&) :=7(d).

The majorizability relation = is then defined in tandem with the structure of all strongly majorizable
functionals.

Definition 3.35 (essentially Definition 9.1 of [9]). Let .# be a Henson L-structure with universe
(M| s € S), metrics (ds|s € S) and reference points (as | s € S) that models 7. The structure M<#
and the majorizability relation Z, are defined,

Moy:=Nnzgm:=n=marn,meN,
Mx, = Mgnz2sx:=n=ds(z,as) Ane Moyxe Ms,
r(e) T = fe./\/l/;/lg /\xe./\/lﬁ/lg
AYg e Mgy e Me(g ey — fg 2r zy)
A9,y € Melg 2z y — fg 27 [),

M) = {JTGM-,M§ | 3f e M. < (6 :c}

where s ranges over S\{sg} and the additional constant symbols coming from L interpreted appropri-
ately.

Definition 3.36. We call a type & of degree n if £ € T and it has degree < n in the usual sense
(see e.g. [20]). Further we call £ small if it is of the form & = £,(0)...(0) for & € {0} U {Xs|s € S}
(including {0} U {X|s € S}) and call it admissible if it is of the form £ = &y(7) ... (11) where each T;
is small and & € {0,9, S} (also including {0} U {X,|s € S}).

By essentially the same argument presented in Lemma 5.7 of [11], for small types p we have M, = S,,,
and for admissible types p, we have M, < S, (for which it is important that admissible types take
arguments of small types).

We shall show that M“*# is a model of A“[L, 7]~ + (BR). This fact along with the relationship
between M“# and S“# mentioned above will address the problem raised in Remark 3.33. In fact
we may consider further set-theoretically invalid principles:

Definition 3.37 (cf. Page 526 of [11]). Define
FX .= | JF%
seS

where,
FXs .= y@0(Xs(0)y03 ¢ Xs Oy XsO) (H(retry (2, 1)) <o B(y))

Clearly FX is not a set-theoretic valid principle as it entails that all functions ® : B,(as) — N are
bounded. We shall see in the next section that F¥ can be used to entail a large class of saturation
arguments, covering many applications of saturation used in ultraproduct arguments.

Definition 3.38. A formula F of A“[L,T] is called a V-formula (resp. 3-formula) if it has the form
F =VYa%Fy(a,b) (resp. F = 3a%Fy(a,b)) where Fy does not contain any quantifiers and the types
in ¢ are admissible and b are parameters of arbitrary finite type.
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Proposition 3.39. Let .# be a Henson L-structure with universe (Ms|s € S), metrics (ds|s € S)
and reference points (as|s € S) that models T. Then M is a model of A[L, T, %] + FX 4
(BR), where A[L,T,% |~ is the extension of A“[L,T,% | with an additional constant, %, of type
X4(0)(0)(0(X4(0))) and EX is the collection of FXs for s € S with

FXo = yoOXs(0) w0y X 0) (wpO (dy( (@, 1) (n), as) <g 1) A D(retrs(z, 7)) <o (2 (D, 7))

Moreover, for any closed term t of AX[L, T, %]~ + FX + (BR), one can construct a closed term t* of
A¥ + (BR) such that

MO = (tF 2 1)

Proof. The proof of this result is standard and similar to those in the literature (see e.g. Lemma 4.7
of [18] and [20]). In particular, by the exact arguments in [20] we have M“*# models A“ + (BR),
with the axioms and constants augmented via the inclusion of the abstract types X, and we may
choose suitable interpretations and majorants for terms of this system. Furthermore majorizing a
composition of terms is also argued as in [20]. Since the additional axioms are universal, it only
remains to show that suitable interpretations of the newly introduced constants, namely %, ¢, retr
and f, are majorizable (with f a function symbol from L). As the types of retrs; and f are small, we
can interpret them as we did in S¥% (cf. Propositions 3.7 and 3.19) and we may construct majorants
as follows:

Let f:s1 x...8, — sg a function symbol in L. Now, in the following, if m is of type 1, write
m :=m(0) + 1 and if m is of type 0 then m := m. For sy # sg we have

Amy, ... ,mn.Q?/[(max(rhl, )2 f
where Qj‘/[ = \k. max, < Qf(n) and

Amy, ... ,mn.(Q?/[(max(ml, com)))e 2 f

when sy = sg, since, if we have mq,...,m, and z1, ..., x, with m; = x; then if s; # sg we have m; >
ds, (z;,as,), otherwise we will have m;(n) =¢ x;(n) for all n’, which implies m;(n) >o #;(n) for all n (as
m; is non-decreasing). So, (m;(0) + 1) =g (#;(0) + 1) =¢ |2:(0)|g +0 1 =g |#i(n)|g for all n®. Thus,
we have m; = m;(0) + 1 >g |zi|r =r dsy (i, s ). Thus we have max(my, ..., my,) =: k =g d, (xi, as,)
for all i = 1,...,n, thus, (B); implies Qy(k) > Qy¢(k) = f(x1,...,2,) and the result follows (using
Lemma 3.1 for the case s = sg).

For retr, we have

0

Am®, n® max{n,1} 2 retr,

for s € S\{sr} as, for all x € M and n,r € N with n > r, suppose r codes for ¢ € Q. If ¢ > 0 then
ds(retrg(x,7),as) < ¢ < r < n (where we use the fact that all codes are at least the rational number
they code for) and if ¢ < 0 then dg(retrg(x, ), as) < 1 < max{n,1}. Furthermore,

dmt n® (max{n,1}), = retry,

as for x € NN, and n,r € N with n > r, suppose that 7 codes for ¢ € Q. By definition, retrg, (z,7) =
([z])o or (0)o. If retrs, (z,7) = ([x])o and ¢ > 0 then |[z]| < ¢ < n and if ¢ < 0 then [[z]] < 1 <
max{n, 1}, so ([z])o <1 (max{n,1}),, by Lemma 3.1. Thus, retrg, (z,7) <1 (n)o.

Now, as the axioms that come from 7 and those for retr (cf. Definition 3.17) are (equivalent to)
V-formulas, we have that they also hold in M“*# (using that the variable bounded to the universal
quantification of a V-formulas is of admissible type).

For ¢5, we argue in the exact same way as in the proof of Theorem 6.36 of [11]. We take the
interpretation of ¢g in M“*# to be the restriction of it’s interpretation on S“# (cf. Proposition
3.25) to arguments of M@ Furthermore, with this interpretation, we have ¢, is majorized by
Az2, 9. (AnY.n). Furthermore, as the arguments of ¢, are admissible and its defining axioms (¢s) (cf.
Definition 3.24) are V-formulas, we have that these axioms also hold in M“#
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All that remains is to deal with FX. The argument is as in that of Theorem 17.101 of [20]. Let
POXs(0) 10 he in M@# and ®*, r* their respective majorants. Then, we have
Va0 (B (retr, (2, 7)) <o ¥ (An. max{r* 1})
for s € S\{sr} and
V2l ©) (@ (retry, (x,7)) <o B* (An.(max{r*,1}),).
Thus, we have max{®(retrs(z,r)) : z € X(0)} exists, and so we have

V& e Mox,(0)) Vr € NIy € Mx () Vr € Mx (o) (Vn e N (ds(y(n),as) <g 1) A ®(retrg(z, 7)) <o P(y)).

So, by the axiom of choice, we obtain a functional satisfying FX and we take this for the interpretation
of %. Thus, it remains to construct a majorant for this choice of interpretation to show that it is in
M@ For this, we have

AD* r* . (An. max{r*,1}) = &
for s € S\{sr} and
AD* r* . (An.(max{r*,1}).) 2 ¥
for s = sp.
]

Theorem 3.40. Let p be admissible and let By(x,u)/C5(x,v) be ¥-/3-formulas of A[L, T with only
z,u/x,v free. If

A“[L,T] + FX - Va? (VuOBv(x,u) — 30°Cy(x, v)),
then one can extract a partial functional ® : S; — N which is total and (bar-recursively) computable
on Mj and the following holds in all non-trivial models A4 of T: for all x € S,, v* € S5, if 2* 2 x,
then

Vu <o ®(2*)By(z,u) — Jv <o @(2¥)C5(x, v).

Proof.

AX[L, T+ FX  Va? (Vu®By(z,u) — 1°C(z,v)) ,
implies

AC[L, T, %]+ F¥ b Vaf (Yu’By(z,u) — 30°C3(z,v)) .

Now, we have By(x,u) = YaBy¢(x,u,a) and C5(x,v) = 3bCqs(x,v,b) for quantifier-free B,y and Cyy.
So prenexiation yields

A[L, T, 2] + FX - VaP3u, v, a,b(Bys(z,u,a) — Cyp(x,v,b)).

Now applying Proposition 3.32 (noting that A“[L, T, %] + FX extends A“’[L,T]~only by a new
constant and purely universal axioms), we get closed terms t,,t, of A[L, T, %]+ FX + (BR) such
that

AL, T, %] + FX + (BR) - Va?(By(z, t,(z)) — Ci(z, t,(x))).
By Proposition 3.39 there are closed terms t¥,t* of A“ + (BR) such that

M= b8 2ty A tE 2ty A V2P (By(z,tu(z)) — Ca(,ty(2)))
for all non-trivial models .# of T. Define ®(z*) := max{t}(xz*),t*(z*)}. Then
MO =Yy, < B(2*) By (2, 1) — Jv <o D(2*)C3(x,v)

holds for all x € M, and z* € Mz with x* = x. That S@ gatisfies the same sentence, one uses the
restriction on the types and argues as in the proof of [20, Theorem 17.52]. (Il

Remark 3.41. In Theorem 3.40, we further have the following standard additional remarks:

(1) If 7 is of degree 1, then @ is a total computable functional.
(2) We may have tuples instead of single variables x,y, z,u,v and a finite conjunction instead of
a single premise Yu®By(z,y, 2, u).
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(3) If the claim is proved without DC, then 7 may be arbitrary and ® will be a total functional on
S: which is primitive recursive in the sense of Gédel [10] and Hilbert [15]. In that case, also
plain majorization can be used instead of strong majorization (see e.g. [20]).

Remark 3.42. The algorithm for extracting ® in Theorem 3.40 is hidden in the proofs of Propositions
3.32 and 3.39. In particular, this process is modular: one can construct a majorant for the realisers of
the Dialectica interpretation of the negative translation of a sentence by constructing majorants for
the realisers of the Dialectica interpretation of the negative translation of the lemmas used to prove
the sentence. When metatheorems such as Theorem 3.40 are applied in proof mining, one very often
exploits this observation. Instead of applying the proofs of Propositions 3.32 and 3.39 in one go to
construct bounds for the theorem in question, one can break the theorem into smaller lemmas where
one can use the proofs of Propositions 3.32 and 3.39 or mathematical intuition to extract marjorants
for the realisers of the Dialectica interpretation of the negative translation of these lemmas. Then,
one can obtain bounds for the main theorem in question.

3.3. Extracting bounds from the model-theoretic uniformity principle. We may formalise
saturation in our system as follows:
Definition 3.43. Let
Xs, (0 X, (0 Xsgpm_1(0)
®m(Ta r, la u,p, n?%) :Evrl(n)ml 1( )El'rg(n)yl 2( ) e Vr2m71(n)l‘m : ! Hrzm(n)ym

(T((z,1(n)), (y,1(n)), (W;P), n, 2) =r 0)
be a formula in PBL[L]. We define the following saturation principle,

Sat(0,,) = {

Vz,p (ﬂro‘v’n*ﬂp(r)ﬁ,n* uXs(0) v <o n* A a(T,1r,Lu,p,n, z,n*)
- HUXS (0) vno Gm,A(Tv r, l7 u,p,n, g))

for ©,, satisfying QF-ERY (|7 (u)| <g 27%) for all k¥ in the case s = sg. When we refer to the above
principle by Sat, we allow all instances of such O,,.

Remark 3.44. Sat formalises the restriction of k-saturation (cf. Definition 2.12) to a countable col-
lection of positive bounded formulas of bounded quantifier rank (number of quantifier alternations).
Concretely, in the case kK = Ny, suppose we are given a countable subset C of the metric structure and
a set of positive bounded formulas

C(u, ... up) = {pn(ur,...,up,2)iIneN, z< C}.

We may formalise C' in the system as an object 27X (©), If, moreover, each ©n(u1,. .., up, z) has at most
m alternating quantifiers, then each such formula can be formalised as a formula of PBL[L] of the
form ©,,(T,r,l,u,p,n,z), for appropriate closed terms T',r,l. (We note that it is not clear how the
quantifier rank of a positive bounded formula could be encoded directly in the higher-type systems we
work with; bounding the number of alternations, as above, is the workaround we adopt.) With this
in hand, Sat(®©,,) formalises exactly the instance of saturation corresponding to I'(u1,...,up). The
case k > Ny can be handled analogously, by encoding C' via higher type objects. In practice, however,
and in particular in the context of the model-theoretic uniformity principle (cf. Corollary 2.16), only
countable saturation is used, since the principle is typically applied in the context of ultraproducts
(as described in the introduction), and the formulas considered typically have bounded quantifier
complexity.

It was observed in [11] that a formula analogous to F'X (there defined in the context of normed
structures) suffices to derive a principle E?—UBX , which in turn yields many of the properties of
ultrapowers of normed structures found in the literature, properties which, on inspection, are all
instances of countable saturation’. In the following section (cf. Proposition 3.49) we extend this
observation by showing that our formalisation of saturation, Sat, which, as argued above, captures

"The similarities between the logical form of £9-UB¥ and countable saturation was communicated to the third author
by Fernando Ferreira.
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the typical instances of saturation occurring in the literature, is itself provable from FX. We work
throughout in the metric setting, with the restricted class of positive bounded formulas formalised
in our system (cf. Remarks 2.4 and 3.13). We note, however, that an analogous saturation principle
can also be formulated in the normed setting of [11], and more generally in any setting admitting
intermediate points, such as geodesic spaces; in that setting too, the principle can be shown to follow
from an appropriately defined FX, together with the additional extensionality assumptions used in
[11], assumptions which, in any case, hold automatically for typical parametrised positive bounded
formulas. We do not pursue this direction further, as it would take us too far afield.

We show that A“[L,retr, ¢| + Sat proves the equivalence of satisfiability and approximate satisfia-
bility (cf. Theorem 3.45).

Theorem 3.45. Let

X, (0 X, (0 Xsom—1(0) Xsom (0
On(T, 1,1, 2) =Y, (1)1 il )3r2<g)y1 2 )---mefl(g)iUmQ S @Ym ©

(T((z,1(2)), (y,1(2)), 2) =r 0)
be a formula in PBL[L].
A“[L,retr, §] + Sat - O, (T, 1,1, 2) © Opy a(T, 1,1, 2).
Proof. The proof will proceed by induction on m, with the case m = 0 (the atomic case) trivially true.

Now, for m > 0, as the forward direction is trivial, it suffices to show ©,, 4(T, 1,1, 2) — O, (T, 1,1, 2).
Now Oy, 4(T,r,1,2) will be equivalent to

Vko(k‘ >0 max{[—logy(P(r2i-1))]|i € [1;m]} —

Xs, (0 Xso (0 Xsom—1(0) Ksom
Yo(ra)=24 T Izt Y B ()25 Ap(rgy ()42 Y

(IT((z,1(2)), (,1(2)), 2)| <e27"))
which is equivalent to

(0)

X, (0 Xs, (0 .
VKO by ()2 21 B p(ra(eyy ot 2 (k >0 max{[—logy (P(rai—1)] |i € [L;m]} —
Xsgpm_1(0) Xog,, (0
P (@) -2 Bp(e )y re kb

(1T ((x,1(2)), (4, 1(2)), 2)| <& 27" A ¥ <o 1(2) (d(as;, y1(n)) < P(ra(2)) +275)))
and will imply (crucially, we use that bounded universal quantification refers to an open ball)
X5, (0 X5, (0 ~ s
vP(T1 (g))‘rl 1( )Vkoap(rg(g))+2_ky1 2( )Am—l,A(T7L la Y1, l?éa X1, k)

for appropriately defined T, 7,1 (cf. the proof of Proposition 3.10). Applying Sat(©,,_1) yields

Xs Xs o~ 7
vP(rl(é))xl I(O)Hyl 2(0) Gm—l,A(Tafalaylal7§7x1))

which will be equivalent to

Xs,(0 Xs5(0 .
Vponer 3 O (k>0 max{ [~ logy(P(raic))] | € [1im]} —
Xsom—1(0) Xy, (0
s -2+ I it

(IT((z,1(2)), (,1(2)), 2)| <r 277 A V0 < U(2) (d(asy, y1(n)) < P(ra(2)) +275)))

which is equivalent to

X4, (0 X, (0 .
Vo T 3 by 2 VR (k >0 max{[— logy(P(rai-1))] i € [1;m]} —

Xagy_1(0) Xoy, (0 — _
VPray () -2 m T AP (g (2) 42k Ym (1@ 1), (1,1R)). 2) <& 279)).

The induction hypothesis yields that the above implies

X, (0 X, (0 Xosom—1(0) Xsom (0
Vp(r (2))%1 il )3P<r2(g>)y1 2 )---Vrzm_l(g)wm2 L 3 (2)Ym (1@ 1), 12)), 2) =g 0).
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and the result follows. O

Remark 3.46. A similar result was obtained in [11, Theorem 6.33], in the context of normed structures,
with the additional requirement that the term 71" was extensional. The requirement of extensionality
is crucial and is due to the broader class of positive bound formulas considered in [11] (cf. Remarks
2.4 and 3.13).

We shall show that the system we have introduced, with FX, proves Sat and as a consequence we
shall obtain a proof-theoretic analogue of the model-theoretic uniformity principle, Corollary 2.16. It
will be convenient to define the following technical intensional saturation principle:

Definition 3.47. Let

Xs,(0 Xs, (0 Ksgm_ (0) Xsg,, (0
G)m(Ta £7l7u7p7 n7§) :EVTI(n)wl 1( )HTQ(n)yl 2( ) ' 'VTZrn—l(n)xm ’ ' 3"'QTVL(T")y"n ’ v

(T'((z,1(n)), (y,1(n)), (@, P), z,n) =r 0)
be a formula in PBL[L]. We define the following intensional saturation principle
Vz,p (EITOVn*EluXS(O) Vn <o n* Afﬁﬁ(T, r,l,retrg(u, P(r) + 2*”*),p,g,n,n*)
— JuXs(0)yp0 @;?:;‘(T, r,lu,p,z,n))

Sat_(0y,) = {

for ©,, satisfying QF-ER(|T(u)| <g 27%) for all £° in the case s = sg. When we refer to the above
principle by Sat_ we allow all instances of ©,,.

Proposition 3.48. A“[L,retr, ¢| + Sat_(©,,) - Sat(©,,)
Proof. Let z,t be given. Suppose we have 7° such that

Vn*ﬂp(r)+2_n* uX Oy <o n* A AT, 1, L u,p,n, z,n")
then, this will be equivalent to

Vn*EIP(

Xs(0 D
T)+2,n>ku ©) Vn <o n* AmVA(Tafa lu,p,n, z, TL*)

which implies, by (*),

vn*ﬂp(r)ﬁw* uXs O vn <o n* Aﬁf:fél(T, .l u,p,n,z,n*).

Now, Proposition 3.20 yields that Vn*ﬁp(r)”,n* uXs O vn <o n* Aﬁfg(T,z,l,u,p,n,g,n*) implies
vn*3uXs (0 vn <o n* Afﬁfi‘(T, r, 1 retrg(u, P(r) +27""), p,n, z,n*). Thus Sat_(0,,) yields JuX+(0) yn?
@ﬁf‘l(T, r,l,u,p,n, z) and the result follows from Proposition 3.23. O

Proposition 3.49. A“[L,retr, ¢] + FX |- Sat.

Proof. We show that A“[L,retr, ¢] + FX  Sat_ and the result follows from Proposition 3.48. Let
O (T, r,l,u,p,z,n) be a formula in PBL[L] and z,1,p be given. Suppose we have

V'LLXS(O) Elno _‘Gigfja\(T7 £7 lv U, p7 n7 g)

then
Oy Xs (0) 3p0 = (T, 1,1, retrs(u, P(r) +¢ 1),p,n, 2).

Let 70 be given. Then by Proposition 3.26, there exists quantifier-free Oq4¢(k,retrs(u, P(r)+ql),p,n, 2)
such that
vuXs(0) 3,0 350 —0q4¢(k,retrs(u, P(r) +q9 1),p,n, 2).
Now, by QF-AC we have
3030 O 30O g o) g, (@1 (u), etry(u, P(r) +g 1), p, P2(u), 2)
which implies, from the proof of Proposition 3.26, that
VuXS—'Aﬁf:il(T, r,lretrg(u, P(r) +q 1), p, ®2(u), z, P1(u)).
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Now, we have, from the axioms of retr that
vnY (retrg(retrg(u(n), P(r) +q 1), P(r) +g 1) =x, retrs(u(n), P(r) +q 1).
Thus, QF-ER and QF-ERY, yield
VuXSﬁAﬁfL\(T, r,l,retrg(u, P(r) +q 1), p, ®a(retrs(u, P(r) +q 1)), z, @1 (retrg(u, P(r) +g 1))
and from FX we have In*Vu™s (1 (retrs(u, P(r) +¢ 1)) <o n* A ®a(retrs(u, P(r) +g1)) <o n*). This

implies R
I VurIn, m <o n* ﬁAﬁSffL‘(T, r,l,retrg(u, P(r) +q 1),p,n, z,m)
and (f) (and the monotonicity of Aj" in its final argument) implies

In*VuXsIn <o n* ﬂA;elff‘l(T, r,retrg(u, P(r) +g 1), p,n, z,n")

and the result follows by QF-ER and QF-ER% since we have, provably, ¥n® (retr,(retr,(u, P(r) +

2*”*), P(r) +q 1)(n) =x, retrg(u, P(r) + 2*”*)(71)) O
Theorem 3.50. Let
X, (0 X, (0 Xsom—1(0) Xso,, (0
@m(Tv r, l? Zp’nO) :Evrl(z,n)xl 1( )Elr2(z,n)y1 2( ) te v?‘szl(zvn)l’m o El?“2m(z7n)ym ’ o

(T((z, (=, 1)), (y, (2, 1)), z,n) =R 0)
be a formula in PBL[L] with p admissible. If
A“[L, T) + F* = V2°In® =0, (T, 1,1, 2,n)

then one can extract a partial functional ® : S; — N which is total and (bar-recursively) computable
on My and the following holds in all non-trivial models A of T: for all z € S, and z* € S5, if 2* 2 z,
then
In <o D(2%) =Ap,a(T, 1,1, z,n, P(27)).
In particular,
In <o ©(2%) =Opm a(T, 1,1, 2,n).

Proof. Theorem 3.45 and Proposition 3.49 imply
AY[L,T] + F* - V2° 3In° =0 AT, 1,1, 2,n).
Proposition 3.26 implies that there exists a quantifier -free formula 6,; such that ©,, 4(T,r,l, z,n) is
equivalent to Vkoﬁq #(k,z,n). Thus, Theorem 3.40 implies we can extract the appropriate functional
® : S5 — N such that for all non-trivial models .# of 7 we have for all z € S, and 2z* € S, if 2* 2 2,
then
In, k <o () =045 (k, z,n).

But, from (the proof of) Proposition 3.26, we have 0,¢(k,z,n) is equivalent to A:ﬁff“(T, r,l,z,n, k).
This implies, ~

In, k <o (2%) ﬁAire:th(T, rl z,n, k)
Now, from the proof of Proposition 3.26, we have

Aff:;(T,g, l,z,n, k+2)— Aﬁfii(T,z, l,z,n, k) — Aff:i\(T,ﬂ, l,z,n, k).

and so

In, k <o O(2%) ﬁAf,e:fL\(T, r.l oz, k).
Finally, from () in Proposition 3.23 (and the monotonicity of A2 A(T,r,1,2,n,k) in the argument k)
we obtain the result, as we have

In <o D(2%) ﬁAEL’A(T,z, l,z,n, ®(z%)).
|

Our main result, a proof-theoretic analogue of Corollary 2.16, immediately follows from Theorem
3.50 and Proposition 3.49.
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Theorem 3.51. Let

X, (0 X, (0 Xsom—1(0) Xsom (0
@m(Tafal7vano) :Evn(z,n)xl i )ElT’Q(Z,ﬂ)yl 2 )"‘v'f'2m—1(zzn)xm o Hrzm(z»“)ym o)

(T'((z,U(z,n)), (y, l(z,n)),z,n) =r 0)
be a formula in PBL[L] with p admissible. If
A“[L, T] + Sat - V2 In® =0, (T, 1,1, 2,n)

then one can extract a partial functional ® : S5 — N which is total and (bar-recursively) computable
on My and the following holds in all non-trivial models A of T: for all z€ S, and 2* € S, if 2* 2 z,
then

In <o ©(2%) 2O a(T, 1,1, 2,n).

Remark 3.52. We may have tuples instead of a single variable z, in Theorems 3.50 and 3.51. As in
Remark 3.44, similar results can be obtained in the context of normed structures (cf. Remarks 2.4
and 3.13) with an appropriate formalization of parametrised positive bounded formulas and additional
extensionality requirements.

4. APPLICATION OF METATHEOREM: A QUANTITATIVE VERSION OF THEOREM 1.5

We shall now provide an application of the metatheorem we gave in the previous section. We do
this by extracting explicit bounds for Theorem 1.5, through analysing the model-theoretic proof we
gave in Section 2.4, guided by the formalism of the previous section and Theorem 3.51, recalling that,
as mentioned in Remark 3.42, the processes of extracting the bounds from the proof are contained
in the proofs of Propositions 3.32 and 3.39. Concretely, we extract majorants for the Dialectica
interpretation of the negative translation of the lemmas used in the model-theoretic proof of Theorem
1.5. The key observation that allows us to perform this process smoothly is that, by following the proof
of Proposition 3.26, one can show that formulas containing only bounded quantifiers are equivalent
to a quantifier-free statement. For example, in the context of embedding L in Section 2.3 into the
system, if we have a term BX# and n?, the formula expressing that B is n-generic is

3gX2(0) (d; (U (i) - B,Q) = 0) .

This formula is equivalent to a quantifier-free formula (using the terms ¢s, as in the proof of Proposition
3.26) after noting that the axioms expressing that dr is a discrete metric allow one to show that the
matrix of the formula is equivalent to a quantifier-free formula.

Throughout this section, fix G, A, k, F, i as in the statement of Theorem 1.5.

Lemma 4.1 (Quantitative version of (the forward direction of) Lemma 2.22). For all B € F and
m,p € N, if B is p-stable then, pu(B) > 27™ implies B is ((p — 1)22™5)-(left and right ) generic.

Proof. The result is immediate from the proof of Theorem 5.1 in [5]. O

Lemma 4.1 provides majorants for the Dialectica interpretation of the negative translation of Lemma
2.22 (after recognising formulas with bounded quantification as quantifier-free, as discussed above, and
expanding hidden quantifiers in the relationships between the real numbers). Theorem 2.25 is already
quantitative. The next results we need are quantitative versions of Lemmas 2.28 and 4.3, whose forms
are obtain in a similar manner to Lemma 4.1.

Lemma 4.2 (Quantitative version of Lemma 2.28). for every f: N — N there exists m < ®(f) such
that for all g,h € G
w(AgAAR) > 27507 s [ (AgAAR) > 27 ™
where 3
(f) := F(0)
with f(n) := n+5+2fy(n+1)+[logy(s—1)], f*) denotes the kth iterate of f, far(n) := max;<, f(n),
and s :== R(R(k,k+1),R(k,k + 1)) + 1.
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Proof. The result and proof are essentially given in Lemma 3.4 of [5]. We present a full proof here to
show how it one obtains this result from an analysis of Lemma 2.28.

As in Lemma 2.28, write ¢(z, (y,2)) for the relation = € AyAAz, which is s-stable by Lemma
2.27. We again argue by contradiction. Suppose for each m < ®(f), there exists g, h € G such that
27™ > p(AgAAR) > 2=f(™) By induction on 1 < n < s, for 1 < i < n we will construct g;, h; € G,
such that for all 1 <t <n

t n
[ (ﬂ AgisAb; o ) (AgiAAhi)C> > 9= ™M)

i=1 i=t+1
and as in the proof of Lemma 2.28, this will contradict the stability of ¢. For the case n = 1, by our
assumption, with m = 0, we can take g,h € G such that u(AgAAh) > 2=/ and the result follows
since f(0) = f(0). Now fix 1 < n < s and suppose we have constructed g;, h; with 1 < i < n satisfying
the desired condition, so for all 1 <t <n

t n _
% (ﬂ AgiANAh; N ﬂ (AgiAAhi)c> > 9= M)

i=1 1=t+1

Since n < s, we have fM) < ®(f) and so, by assumption, we can take g,h € G satisfying
2= (MO > 1(AgAAR) > 2= f(FM©O)+1) Thus, Lemma 4.1 implies that AgAAh is g-generic,
where g := 22/ (F(0)+1)+5+logs(s—1_ Getting

B:= ﬁl Agi AAD;

which will have measure greater than o-Ff (n)(o), we will have, for some vy, ...,v, € G that

B =| |(Bn (AgAAh)v;)

q
=1

Thus we can take some v € G such that
1W(B ~ AguAAhv) = u(B n (AgAAR)) = 2= U™ O+27 (T ) +1)+5+Hloga(s=1)]) 5 9=7"+D(0),
Setting gn1+1 = gv and h,4+1 = hv yields that
n+1 o
" (ﬂ AngAhZ) > 9= fD O
i=1
and for 1 < ¢ < n we have

n+1 t n
(ﬂ AgiDAhi o ] (AgirAhy)© ) > (ﬂ AgiDrAh; ) <Agz-AAhi>C) — 1(Agn10Agn 1)
=1 1=t+1 =1 1=t+1

> 2=1"0) _ ) (AgAAR) = 2~ OF1) 5 9=fD(0),
]

Lemma 4.3 (Quantitative version of Lemma 2.29). For all e : N — N there exists n < V(e) such that
for all (g;) € G there exists i < j < n satisfying

w(AgisAgy) <27

where
U(e) := wi1(P(fe))
with fe(n) := e(wg—1(n)) and w defined as in Theorem 2.25 and ® as in Lemma 4.2.
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Proof. As in the proof of Lemma 2.29, we argue by contradiction. Suppose we have e : N — N such
that for all n < W(e) there exists (g;) € G such that for all i < j < n we have u(Ag;AAg;) > 27,
By Lemma 4.2, we can take m < ®(f.) such that for all g,h e G

wW(AgAAR) > 2750 1i(AgNAR) > 27™,
So we can set n 1= wi_1(m) < wi—1(P(fe)) = ¥(e) and so for all i < j < n we have
1(AgiANAgj) > 9—e(n) — g—e(wr-1(m)) — 9—fe(m)
so, f(AgiAAgj) > 27™. Theorem 2.25 and Theorem 2.24 implies n < wy_1(m), a contradiction. [
We can now provide explicit bounds for Theorem 1.5.

Theorem 4.4. For k > 1 and f : N x N — N, there exists n < Vi(f) and m < Vo(f) such that
Stab,,(A) € F, Stab,,(A) < G, and Stab,,(A) has index at most n. In addition, there exists a subset
Y < G, which is a union of cosets of Staby,(A), such that p(AAY) < 2=F(vm) - Where,

\Ifg(f) = (ID(ef) and \Ifl(f) = (Cq;ﬂf))
with
ef(m) = max {3n<m‘y?é<m)(f(n,m)) + 3[logy (U (Cm))| + [loga(k — 1)] +5, m + 1} .

and for all m e N, Cp, : N — N is the constant function taking value m. Here, ® and ¥ are as in
Lemmas 4.2 and 4.3 respectively.

Proof. Lemma 4.2 implies that for all f : N — N, there exists m < ®(f) such that Stab,,(A) <
Stab ¢(m)(A). Furthermore, if f(m) = m + 1 we will have

Stab,, (A)Stab,,(A) < Stabf(m) (A)Stabf(m) (A) < Stabf(m),l(A) C Stab,,(A),

here we use the fact that for all n € N, Stab,,(A)Stab,,(4) < Stab,_1(A). Thus, for such an f and m,
we have Stab,,(A) is closed under the group operation. Clearly Stab,,(A) contains the identity and
is closed under inverses, thus Stab,,(A4) < G. Furthermore, as in the proof of Theorem 2.20, Lemma
2.30 implies Stab,,(A) € F.

Now, let f : N x N — N be given. By the above, we can take m < ®(ey) = Wa(f) such that
H := Stab,,(A) is a subgroup of G. Now, by Lemma 4.3, we have n < V(C,,) < ¥y(f) such that,
for all (g;) < G there exists i < j < n with pu(Ag;AAg;) < 27™. Suppose we have distinct cosets
goH,...,gnH, then for each i < j < n, we have gigj_1 ¢ H, which implies (by the right invariance of
p) that u(AgiAAg;) > 2™, a contradiction. Thus, H has index at most n < Wy(f).

Now, we have that for all g € G, either u(gH n A) < 277" /n or u(gH n A°) < 2-/(™) i If not,
setting B := H n g 'A and C := H n g~ 'A¢, would imply p(B), u(C) > 2~ (mm)+flogz(m)]) - Thys,
Lemma 4.1 implies B is ((k — 1)22(/(mm)+[log2(m)D)+5)_generic and so since p(C) > 2/ (nm)+logz(n)])
there exists h € G such that
9—(3(f(n,m)+[logy (n)])+5)

kE—1

As in the proof of Theorem 2.20, for such an h, we have Bhn C' = H n Hh n g~(Ah n A®) which
implies h € H and

uw(Bhn C) >

2—B(f(n,m)+[logy(n)])+5)
k—1

p(Ah A A9) = (g~ (Ah 0 A)) >

But, h € H = Stab, () (A) implies
9—(3(f(n,m)+[logy(n)])+5)
k—1

1(Ah A A < p(ARAA) < 274 <

a contradiction.
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Now let C1, ... C, be the cosets of H, so r < n. Let I be the set of 1 < i < r such that u(C; n A) >
2-1(m) /5o if i € I we have u(C; n A°) < 27/(%™) /. Set

Y = UCi.

el

So, the result follows since

PAAY ) = p(AnYE) + u(A°nY) = p UC’imA + UCZ-r\AC < 2~ fm)
il iel

Acknowledgments: The authors are grateful to Nicholas Pischke for his helpful comments.
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